
A PATHOLOGICAL EXAMPLE OF A UNIFORM QUOTIENTMAPPING BETWEEN EUCLIDEAN SPACESOLGA MALEVAAbstract. A uniform quotient Lipschitz mapping between Euclidean spa-ces of dimensions n and n�1, which annihilates the unit ball of a hyperplane,is constructed.1. Introduction. This work is inspired by the paper [BJLPS], where Lipschitzquotient mappings and uniform quotient mappings are studied. A map f : X !Y , where X and Y are metric spaces, is called a uniform quotient ifB
(r)(f(x)) � f(Br(x)) � B!(r)(f(x))for any x 2 X and r > 0, where !(r), 
(r) are functions of the radius r indepen-dent of the point x, such that !(r) > 0 for r > 0 and 
(r) ! 0 as r # 0. If the�rst inclusion holds, f is called uniformly continuous; if the second holds, f iscalled co-uniformly continuous or co-uniform. If !(r) � cr, 
(r) � Cr for somec; C > 0, f is said to be a Lipschitz quotient mapping (co-Lipschitz if the �rstinequality holds and Lipschitz if the second inequality holds).There is a developed theory of uniform / Lipschitz quotient mappings whichare one-to-one ([BL]), but not much is known in the general case.For example, if X;Y are Banach spaces then the Gorelik principle ([G], [JLS])says, that one-to-one uniform quotient mapping cannot carry the unit ball in a�nite codimensional subspace of X into a \small" neighborhood of an in�nitecodimensional subspace of Y . The proof of the Gorelik principle actually showsthat a bi-uniform homeomorphism cannot map a ball in a subspace of codimen-sion k into a small neighborhood of a subspace of codimension k+1. This holdsregardless of whether X and Y are �nite or in�nite dimensional.One may ask, if a similar principle holds for uniform quotient mappings, whichare not one-to-one. It turns out, that this is not the case even for �nite dimen-sional spaces.Supported by the Israel Science Foundation.1



2 O. MALEVAAs it was proved in [BJLPS], for each n there is a uniform quotient mappingfrom R2n+1 onto Rn which maps the unit ball of the hyperplane to zero. More-over, there is a stronger example for low dimensions: A Lipschitz and co-uniformmapping from R3 onto R2 which annihilates the unit ball of a hyperplane.In the present paper we generalize this construction to the case of arbitrarydimension. The result of the paper reads as follows:For n � 1 there is a Lipschitz and co-uniformmapping T from Rn+2 = Rn+1�Ronto Rn+1 such that T (BRn+1�01 (0)) = f0g.2. The idea of the construction. Before going into the technical details webrie
y describe the example and the proof in an informal way. The space Rn+2is decomposed into the direct sum Rn+1 � R = f(x; a) j x 2 Rn+1 ; a 2 Rg, andthe mapping is of the form T (x; a) = 'a(kxk) � U a(kxk)x, where U(�) is a familyof orthogonal operators acting on Rn+1 . This family together with the functions'a(kxk) and  a(kxk) are chosen in such a way that the mapping T is clearlyLipschitz.The main part of the proof deals with the co-uniformity of T , namely wecheck the inclusion TBr(x; a) � B!(r)(T (x; a)) for a �xed radius r > 0. Itturns out that if a or kxk is large enough, more exactly if kxk > 1 + �1rn or ifjaj > �2r for suitably chosen constants �1 and �2, then for a �xed and y close tofa(x) = T (x; a) in Rn , the gradient of f�1a (y) is uniformly bounded in norm by acertain constant c, depending on r. So TBr(x; a) � T (Br(x); a) � Br=c(T (x; a)).The other case is: kxk is less than 1 (or not much greater than 1) and jaj � �2r.In this case the inclusion TBr(x; a) � B!(r) is of di�erent nature. If x remains�xed and a runs over [ 0; �2r ] (so the point (x; a) does not leave the ball of radiusr), the point T (x; a) \draws" a curve which is \dense" in the ball Bkxkc(r)(0)in the sense that its small neighborhood contains Bkxkc(r)(0) � B!(r)(T (x; a)).This small neighborhood is contained, say, in the image of Br=2(x) � [ 0; �2r ] �Br(x; a), so the inclusion follows. This remarkable Lipschitz curve T (x; [ 0; �2r ])looks like a spiral of in�nitely many turns around 0, when x 2 R2 (see Fig. 1below). In higher dimensions the curve is some spatial analogue of such a spiral.In this part we use a special lemma, which allow us to approximate a �xed�nite sequence of angles by residues of 2�
 , 2�
2 , : : : , 2�
n modulo 2�.The question, whether there exists a Lipschitz quotient mapping from Rn ontoRm which annihilates an object of dimension greater than n�m, remains open.
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Figure 1. The image T ((0; 1); a), �1 � a � 1 is the projectionof the bolded curve onto the bottom planeThis work will form part of a Ph.D. thesis written under the supervision ofProfessor Gideon Schechtman. The author thanks Professor Gideon Schechtmanfor suggesting the problem and for useful discussions.3. The construction.Theorem. For n � 1 there is a Lipschitz mapping T from Rn+2 = Rn+1�R ontoRn+1 such that T is a co-uniform quotient mapping and T (BRn+1�01 (0)) = f0g.Proof. Let xk be the kth coordinate vector of the space Rn+1 , and Oxkxk+1 de-note the coordinate plane spanned by xk; xk+1. We interpret Rk as the subspaceof Rn+1 spanned by x1; : : : ; xk. Denote by �k the standard orthogonal projectionRn+1 ! Rk . Let Skr denote a sphere in Rk+1 of radius r, centered at zero. ByR�Oxkxk+1 we mean the orthogonal transformation of the space, which acts asplanar rotation by � in the kth and (k+1)th coordinates, leaving the rest of thecoordinates unchanged. Note that(1) if kvk = kwk and v � w 2 Oxkxk+1;then w = R�Oxkxk+1v for some � 2 [ 0; 2� ]:



4 O. MALEVAWe de�ne the orthogonal operator U [k+1 ]�1;:::;�k inductively byU [ 2 ]� = R�Ox1x2 ;U [ k+1 ]�1;:::;�k = (U [ k ]�2;:::;�k )�1R�1Oxkxk+1U [ k ]�2;:::;�k :For x �xed and �j running over [ 0; 2� ] independently, U [n+1 ]�1;:::;�n(x) runs over thewhole sphere in Rn+1 of radius kxk, centered at the origin.To show this, let us note �rst that fU [ 2 ]� (x) j � 2 [ 0; 2� ]g = S1kxk for x 2 R2 .Assume that U [ k ]�1;:::;�k�1(x) runs over the whole sphere Sk�1kxk for �xed x 2 Rk .Now �x x 2 Rk+1 and take arbitrary y 2 Skkxk. Since �k(x� y) 2 Rk , there exist�2; : : : ; �k such that U [ k ]�2;:::;�k�k(x � y) = �kU [ k ]�2;:::;�k (x � y) = k�k(x � y)kxk.Then U [ k ]�2;:::;�k(x� y) lies in Oxkxk+1. By (1), there exists �1 such thatU [ k ]�2;:::;�ky = R�1Oxkxk+1U [ k ]�2;:::;�kx:By de�nition this means that U [ k+1 ]�1;:::;�kx = y.For u 2 R, let du : R+ ! [ 0; 1 ] be the continuous function such that du(t) =min(juj; 1) for t � 1, du(t) = 1 for t � 2, du(t) is linear for 1 � t � 2.De�ne T : Rn+1 � R ! Rn+1 byT (x; a) = d2an(kxk)U [n+1 ]2�=da(kxk);2�=da2 (kxk);:::;2�=dan (kxk)x:Note that for n = 1 this reduces to the construction in [BJLPS].Let us check that T is a Lipschitz mapping. For kxk � 2 this is clear, sinceT (x; a) = x. The restriction of T to the set f(x; a) : kxk � 2g is the compositionof a Lipschitz mapping(x; a) 7! (x; da(kxk); da2(kxk); : : : ; dan(kxk));with(x; t1; : : : ; tn) 2 f(x; t1; : : : ; tn) : kxk � 2; 0 � tn � � � � � t1 � 1g7! t2nU [n+1 ]2�=t1;:::;2�=tnx;the latter is 1-Lipschitz in x, and each entry of the matrixt2nU [n+1 ]2�=t1;:::;2�=tnis a combination of sin 2�ti and cos 2�ti , multiplied by t2n; as t2n � t2i , such anexpression has bounded partial derivatives in ti.Let us begin the proof of the co-uniformity of T with the following Lemma.



A PATHOLOGICAL EXAMPLE OF A UNIFORM QUOTIENT MAPPING 5Lemma 1. For 0 < � < 1 there exists a constant c� depending only on � and n,such that T (B�(x); a) � Bc�(T (x; a)); if either an > � or kxk > 1 + �:Proof. Note that for each nonzero a the inverse of the mappingfa(x) = T (x; a) : Rn+1 ! Rn+1can be obtained asf�1a (y) = pa(kyk)kyk �U [n+1 ]2�=da(pa(kyk));:::;2�=dan(pa(kyk))��1y;where pa(t) is the inverse of qa(t) = td2an(t) (the above holds also for a = 0 aslong as kxk > 1). For t 2 (0; 1)[ (1; 2)[ (2;1), the derivative of qa(t) is boundedbelow by d2an(t), i.e. is not less than a2n ^ 1; moreover, d2an(t) is bounded belowby �2, when t > 1 + �. Thus, if either an � � > 0 or kxk � 1 + �, the derivativep0a(kyk) is not greater than 1�2 for y = fa(x). Let us compute the ith partialderivative of f�1a at y = fa(x); note that pa(kyk) = kxk:(2) @f�1a (y)@yi = p0a(kyk)yikyk2 U(pa(kyk))y � pa(kyk)yikyk3 U(pa(kyk))y+ pa(kyk)kyk U(pa(kyk))ei + pa(kyk)kyk p0a(kyk) yikyk � U 0(pa(kyk))y;where U(t) stands for (U [n+1 ]2�=da(t);:::;2�=dan (t))�1. The norm of the �rst summand isless than or equal to 1�2 , the norm of the second is less than or equal to pa(kyk)kyk =1d2an(kxk) � 1�2 , the norm of the third is less than or equal to pa(kyk)kyk � 1�2 . Ift = pa(kyk) � 2 then U 0(t) = 0, therefore the norm of the fourth summand isless than or equal to 2kyk 1�2 kU 0(t)kkyk. It remains to estimate the norm of thematrix kU 0(t)k. The matrix (U [n+1 ]�1;:::;�n)�1 is the product of 2n � 1 rotations in2-dimensional planes by ��i; the derivative of such a rotation with respect to �jis either zero (if i 6= j) or an orthogonal matrix, so k @@�j (U [n+1 ]�1;:::;�n)�1k � 2n � 1.ThereforekU 0(t)k � (2n � 1) nXj=1 j( 2�daj (t) )0j � 2�(2n � 1) nXj=1 d0aj (t)d2aj (t) � 2�(2n�1)nd2an(t) � C�2 ;as dan(t) � daj (t) and d0aj (t) � 1. Thus, the last summand in the right-handside of (2), as well as the whole gradient of f�1a at the point fa(x), has norm notgreater than c�4 for some c depending on n.



6 O. MALEVAWe have proved an intermediate result: if either an > � or the norm kpa(y)k >1 + �, then krf�1a (y)k � c��4 for some constant c � 1 depending only on n.Now in the case an � � the norm of the gradient of f�1a (y) is bounded bythe same constant c��4 at all the points y, so the preimage f�1a (B�5=c(fa(x))) iscontained in B�(x), which is equivalent to T (B�(x); a) � B�5=c(T (x; a)).Let us examine the other case: kxk � 1 + �. Note thatqa(kxk)� qa(1 + �2 ) � �2 min��1+�=2 q0a(�) � (�2 )3:Therefore for all z 2 B�5=16c(fa(x)) we have kzk � kfa(x)k��5=16c � kfa(x)k��3=8 � qa(1 + �2 ), so the norm of the gradient of f�1a at z is bounded above by16c�4 , as pa(kzk) � 1+ �2 . This means that f�1a (B�5=16c(fa(x))) � B�(x), which isequivalent to T (B�(x); a) � B�5=16c(T (x; a)).Now let us show that T is co-uniform. We may consider only (x; a) in Rn+2with a � 0 and assume that the radius r lies between 0 and 1.First case. r � 2n+9a or kxk > 1 + ( r2n+9 )n. Let � = ( r2n+9 )n then Lemma1 implies that TBr(x; a) � T (B�(x); a) � Bc�(T (x; a)):Second case. r > 2n+9a and kxk � 1. Let us show that the setfT ( c
2n y; 
) j 1k+1 � 
 � 1k ; kyk = kxk; ky � xk � r4gcoincides with the sphere Sckxk of radius ckxk, centered at zero, whenever k �2n+5r is an integer and 1(k+2)2n � c � 1(k+1)2n .Take z 2 Rn+1 of norm ckxk. Fix '1; : : : ; 'n 2 [ 0; 2� ] such that U [n+1 ]'1;:::;'nx =zc . The following lemma will be proved later:Lemma 2. For any '1; '2; : : : ; 'n 2 [ 0; 2� ] and any positive integer k � 2 thereexists 
 2 [ 1k+1 ; 1k ] such thatkU [n+1 ]'1;'2;:::;'nx� U [n+1 ]2�
 ; 2�
2 ;:::; 2�
n xk � 2n+1�k(3)for all x: kxk � 1.Now �nd 
 2 [ 1k+1 ; 1k ], such that (3) holds. Thenzc 2 B2n+1�=k(U [n+1 ]2�
 ;2�
2 ;:::; 2�
n (x)) = U [n+1 ]2�
 ; 2�
2 ;:::; 2�
nB2n+1�=k(x);



A PATHOLOGICAL EXAMPLE OF A UNIFORM QUOTIENT MAPPING 7i.e. zc = U [n+1 ]2�
 ; 2�
2 ;:::; 2�
n (y) for some y 2 B2n+1�=k(x) \ Skxk. This means thatz = T ( c
2n y; 
), kyk = kxk and ky�xk � 2n+1�=k � r 2n+1�2n+5 � r=4, which provesthe statement.We have k(x; a)� ( c
2n y; 
)k2 � (kx� yk+ j1� c
2n j)2 + ja� 
j2:Now let k run over all integers greater than 2n+5r . For each k, let 
 run over[ 1k+1 ; 1k ], c run over [ 1(k+2)2n ; 1(k+1)2n ] and y run over the set fy j kyk = kxk; ky�xk � r4g. For such 
, c and y we have1� c
2n = (1� pc
n )(1 + pc
n ) � 2(1� pc
n )� 2(1� kn(k+2)n ) � 4n(k+2)n�1(k+2)n � 4nk � 4n2n+5 r;since 0 � a < r2n+5 , 0 < 
 � 1k � r2n+5 we obtain ja� 
j2 � ( r2n+5 )2 and thus(kx� yk+ j1� c
2n j)2 + ja� 
j2 � ( r4 + 4rn2n+5 )2 + ( r2n+5 )2 < r2:It means that all the points ( c
2n y; 
) as above lie in the ball Br(x; a). Conse-quently, TBr(x; a) � [0�c�( r2n+6 )2n Sckxk = Bkxkr2n=(2n+6)2n(0);(4)as c runs over [ 0; ( r2r+2n+5 )2n ] � [ 0; ( r2n+6 )2n ]. Note that formula (4) holds forall x; a; r such that 0 � a < r2n+5 and kxk � 1.Since kT (x; a)k = a2nkxk � ( r2n+9 )2nkxk � r2nkxk4(2n+6)2n ;we conclude that TBr(x; a) � Bkxkr2n=(2n+9)2n(T (x; a)):Now if kxk � r=2 thenTBr(x; a) � Br=2�r2n=(2n+9)2n(T (x; a)) = B r2n+12(2n+9)2n (T (x; a));while if kxk < r=2 then, putting y = rx=(2kxk),TBr(x; a) � TBr=2(rx=(2kxk); a) = TBr=2(y; a)� Bkyk(r=2)2n=(2n+6)2n(0) = B r2n+122n+1(2n+6)2n (0) � B r2n+122n+2(2n+6)2n (z)



8 O. MALEVAfor all kzk � r2n+122n+2(2n+6)2n . Here formula (4) is valid for the triple y; a; r=2, sincethe conditions 0 � a < r=22n+5 and kyk � 1 hold. ButkT (x; a)k = a2nkxk � ( r2n+9 )2n � r=2 � r2n+122n+2(2n+6)2nso TBr(x; a) � B r2n+122n+2(2n+6)2n (T (x; a)).Third case. r > 2n+9a and 1 < kxk � 1 + ( r2n+9 )n. By (4)TBr(x; a) � TBr(1� 1(2n+9)n )( xkxk ; a) � B(r(1� 1(2n+9)n ))2n=(2n+6)2n(0):Now formula (4) is valid since a < r=2n+9 < r(1� 1(2n+9)n )=2n+5. Sincedan(kxk) � an + kxk � 1 � an + ( r2n+9 )n � 2 � ( r2n+9 )n;we obtainkT (x; a)k � (2 � ( r2n+9 )n)2kxk � 4 r2n(2n+9)2n (1 + ( r2n+9 )n)< 12 (r(1 � 1(2n+9)n )=2n+6)2n:Therefore TBr(x; a) � B 12 r2n((1� 1(2n+9)n )=2n+6)2n(T (x; a)):Remark. One can see that the order of the co-uniformity module !(r) at zerovaries for di�erent cases: in the �rst case !(r) � r5n, in the second !(r) � r2n+1and in the third it is of order r2n.Proof of lemma 2. Note that the matrix @@'jU [n+1 ]'1;'2;:::;'n has operator norm notgreater than 2j�1, because it is a sum of 2j�1 matrices of norm 1. ThereforekU [n+1 ]'1;'2;:::;'n � U [n+1 ]e'1;e'2;:::;e'nk � nXj=1 2j�1[ ('j � e'j) mod 2� ]:Hence if 
 2 [ 1k+1 ; 1k ] satis�es (5) below, then for all x such that kxk � 1kU [n+1 ]2�
 ; 2�
2 ;:::; 2�
n x� U [n+1 ]'1;'2;:::;'nxk � n�1Xj=1 2j�1 4�k � 2n+1�k :Lemma 3. For any '1; '2; : : : ; 'n 2 [ 0; 2� ] and any positive integer k � 2 thereexists 
 2 [ 1k+1 ; 1k ] such that(5) 'j � 2�
j mod 2� � 4�k for all j = 1; : : : ; n� 1 and 'n � 2�
n mod 2� = 0:



A PATHOLOGICAL EXAMPLE OF A UNIFORM QUOTIENT MAPPING 9Proof. Let N(j) = (k + 1)j � kj � 1. We de�ne the sequence fa[n ]m gN(n)m=0 bya[n ]m = 2�(kn +m) + 'n:Now for each j = n; : : : ; 2 having constructed the sequence fa[ j ]m gN(j)m=0 such thata[ j ]m 2 [ 2�(kj +m); 2�(kj +m+ 1) ] and a[ j ]m � 'j mod 2� � 4�kwe construct fa[ j�1 ]m gN(j�1)m=0 as follows. Note �rst that the derivative of thefunction qj(t) = 2�( t2� ) j�1j is less than 1k for t 2 [ 2�kj ; 2�(k + 1)j ]. Thisimplies that qj(a[ j ]0 )� qj(2�kj) � (a[ j ]0 � 2�kj) 1k � 2�kand, for 0 � m � N(j)� 1,qj(a[ j ]m+1)� qj(a[ j ]m ) � (a[ j ]m+1 � a[ j ]m ) 1k � 4�k :Also qj(2�(k + 1)j)� qj(a[ j ]N(j)) � (2�(k + 1)j � a[ j ]N(j)) 1k � 2�k :It follows that we can choose fa[ j�1 ]m gN(j�1)m=0 among fqj(a[ j ]m )gN(j)m=0 so thata[ j�1 ]m 2 [ 2�(kj�1 +m); 2�(kj�1 +m+ 1) ]and a[ j�1 ]m � 'j�1 mod 2� � 4�k :Consider fa[ j ]m gN(j)m=0 for j = 1 | this is one point. Let us de�ne 
 = 2�a[ 1 ]0 .Then 2�
j belongs to fa[ j ]m gN(j)m=0 for each j, so (5) holds.References[BJLPS] S. Bates, W. B. Johnson, J. Lindenstrauss, D. Preiss, and G. Schechtman, A�neapproximation of Lipschitz functions and nonlinear quotients, Geom. Funct. Anal.9 (1999), 1092{1127.[BL] Y. Benyamini and J. Lindenstrauss, Geometric nonlinear functional analysis, Volume1, Colloquium Publications AMS, vol. 48 (1999).[G] E. Gorelik, The uniform nonequivalence of Lp and `p, Israel J. Math. 87 (1994),1-8.[JLS] W. B. Johnson, J. Lindenstrauss, and G. Schechtman, Banach spaces determined bytheir uniform structures, Geom. Funct. Anal. 6 (1996), no. 3, 430|470.Department of Mathematics, The Weizmann Institute of Science, Rehovot 76100,Israel, e-mail: maleva@wisdom.weizmann.ac.il


