
LIPSCHITZ QUOTIENT MAPPINGS WITH GOOD RATIO OFCONSTANTSOLGA MALEVADEPARTMENT OF MATHEMATICSTHE WEIZMANN INSTITUTE OF SCIENCEAbstract. We show that Lipschitz quotient mappings between �nite dimensionalspaces behave nicely (e.g. are bijective in the case of equal dimensions) if the Lip-schitz and co-Lipschitz constants are close to each other. For Lipschitz quotientmappings of the plane, a bound for the cardinality of the preimage of a point interms of the ratio of the constants is obtained.Let X and Y be metric spaces. The class of Lipschitz mappings f : X ! Y isde�ned by the condition: f(Br(x)) � BLr(f(x)) for all points x of X and all positiver (by Br(x) we denote an open ball of radius r, centered at x). Here L is a constantdepending on the mapping f but not on the point x; the in�mum of all possible suchL is called the Lipschitz constant of f .In a similar way, co-Lipschitz mappings f : X ! Y are de�ned by the conditionf(Br(x)) � Bcr(f(x)), where the positive constant c is independent of x and r; thesupremum of all such c is called the co-Lipschitz constant of the mapping f .By de�nition, Lipschitz quotient mapping is a mapping that satis�es both of theabove conditions, i.e. is L-Lipschitz and c-co-Lipschitz for some constants 0 < c �L <1.The recently developed theory of Lipschitz quotient mappings between Banachspaces raised many interesting questions about properties of these mapping. Here weare interested in the case when X and Y are �nite dimensional Banach spaces.Let f : Rm ! Rn be a Lipschitz quotient mapping. It is immediate that theexistence of such mapping implies that m � n, and f is necessarily surjective. Whatelse can be said of f? Are the properties of f similar to those of linear quotientmappings?Supported by the Israel Science Foundation. 1



2 Olga MalevaThe paper [JLPS] contains far-reaching results for Lipschitz quotient mappingsf : R2 ! R2 . In particular, it is proved there that the preimage of each point undersuch an f is �nite. The question whether the same is true for Lipschitz quotientsf : Rn ! Rn for n � 3 is still open. On the other hand, there are irregular examplesof Lipschitz quotients between di�erent dimensions: as was shown in [C], there existsa Lipschitz quotient mapping from R3 to R2 such that the inverse image of zerocontains a 2-dimensional plane.In this paper we try to approach regularity properties of Lipschitz quotient map-pings which depend on the ratio c=L of the co-Lipschitz and Lipschitz constants ofthe mapping, where the domain and range Rn are equipped with two general norms.This ratio is obviously not greater than 1, and it is not hard to prove that if c=L = 1then f : (Rn ; k � k)! (Rn ; jjj � jjj) is a�ne (see Corollary below).The idea is to look what happens if the two constants are close to each other. Itturns out that in this case Lipschitz quotient mapping behaves in a regular way.In the proof of the �rst theorem, we use the notion of n-dimensional Hausdor�measure: Hn(A) = sup�>0 inf� 1Xj=1�diam Cj2 �n j A � 1[j=1Cj; diam Cj � �	:Of course, the diameter in this de�nition is with respect to the metric given by thenorm. Note that Hn is so normalized that the measure of a unit ball is equal to 1.Theorem 1. For each n there exists a universal constant 0 < �n < 1 such that ifk � k and jjj � jjj are two norms on Rn and f : (Rn ; k � k)! (Rn ; jjj � jjj) is an L-Lipschitzand c-co-Lipschitz mapping and �n < c=L � 1, then the preimage of a point under fis a single point (so that f is a bi-Lipschitz homeomorphism). The constant �n doesnot depend on the norms k � k and jjj � jjj.Proof. Since we may rescale the mapping, multiplying it by a constant, we mayassume that the Lipschitz constant L is equal to 1.Assume that f(x) = f(y) with kx � yk = R > 0. Let r = R=(1 + 1c ) andz = cc+1x + 1c+1y. Consider the open ball BR(z). We claim that the image of



Lipschitz quotient mappings with good ratio of constants 3BR(z) nBr(x) coincides with the image of the whole BR(z), and therefore containsthe ball BcR(f(z)).Indeed, BR(z) nBr(x) contains Br=c(y), and f(Br=c(y)) contains Br(f(y)) which isthe same as Br(f(x)), and contains f(Br(x)); thus f(Br(x)) is already contained inf(BR(z) nBr(x)). This implies that f(BR(z) nBr(x)) is equal to f(BR(z)).Recall that a 1-Lipschitz function does not increase the n-dimensional Hausdor�measure of a set (which can be easily seen from the de�nition of Hn). Applyingthis to the set BR(z) n Br(x), whose image contains a ball of radius cR, we get thatRn � rn � (cR)n. This is equivalent to  n(c) = (c+ 1)n � cn � cn(c+ 1)n � 0.Thus, if f is non-injective then  n(c) � 0. But  n(1) = �1, so there exists �n < 1such that  n(c) < 0 for �n < c � 1.Corollary. Let k � k and jjj � jjj be two norms on Rn and let f : (Rn ; k � k)! (Rn ; jjj � jjj)be a Lipschitz quotient mapping whose Lipschitz and co-Lipschitz constants are equal.Then f is an a�ne isometry up to a constant factor; in particular, the norms k � kand jjj � jjj are essentially the same.Proof. Consider a ball Br(x) and its image BLr(f(x)). The image of each interiorpoint of Br(x) is an interior point of BLr(f(x)), so f(@Br(x)) � @BLr(f(x)). Sincethe ratio c=L is equal to 1, the mapping f , by the theorem above, is one-to-one. Theinverse mapping f�1 is also a Lipschitz quotient whose Lipschitz and co-Lipschitz con-stants are equal, so f�1(@BLr(f(x))) � @Br(x). Therefore, f(@Br(x)) = @BLr(f(x)).This means that jjjf(x)� f(y)jjj = Lkx� yk for any x and y, so f=L is an isometry,and by a classical theorem of Mazur and Ulam [MU], f is a�ne.The proof of Theorem 1 raises several questions already in the case when n = 2 andk �k = jjj � jjj is the Euclidean norm. As we mentioned earlier, it was proved in this casethat for any ratio c=L of the co-Lipschitz and Lipschitz constants of the mapping,the preimage of a point is �nite. Now the proof of the theorem above yields someconstant �2 � 0:839287 such that for c=L > �2 the mapping is a homeomorphism. Onthe other hand, the basic examples of non-bijective Lipschitz quotients of the planeare fn(rei�) = reni�, n � 2 with ratios of constants equal to 1=n, so the maximalvalue is one half.



4 Olga MalevaQuestion 1. Is it true that if the ratio of the co-Lipschitz constant and the Lipschitzconstant of a Lipschitz quotient mapping from the plane to itself is greater than 0:5,then the mapping is a homeomorphism, i.e. the preimage of each point is a singlepoint?Question 2. Is there a scale 0 < � � � < �(n)2 < � � � < �(1)2 = �2 < 1 such that for anyLipschitz quotient mapping f : R2 ! R2 the condition c=L > �(n)2 implies #f�1(x) �n for any x 2 R2?It turns out that the answers to both these questions are positive. The next theoremasserts that the appropriate values of the scale are �(n)2 = 1=(n+ 1), so in particular�2 = �(1)2 = 1=2.Theorem 2. If f : R2 ! R2 is an L-Lipschitz and c-co-Lipschitz mapping with re-spect to the Euclidean norm andmaxx2R2 #f�1(x) = n;then c=L � 1=n.Proof. Without loss of generality we may assume that f(0) = 0 and L = Lip(f) = 1.By [JLPS] there exist a homeomorphism h : R2 ! R2 and a polynomial P (z) of onecomplex variable, such that f = P � h. Clearly, deg P = maxx2R2 #f�1(x) = n. Ifn = 1 then the statement is obvious. Assume n � 2.Changing h by a transformation of the form h ! ah + b, we may assume thath(0) = 0 and the leading coe�cient an of P (z) is 1. Then P (0) = f(0) = 0 and P (z)has the form zn + an�1zn�1 + � � �+ a1z.We consider R2 as the complex plane, and use the notation jxj for the norm ofx 2 R2 .Let fz1 = 0; z2 : : : ; zkg be the set of preimages of zero under f , denote M =max1�i�k jzij. Assume c > 1=n, then there exists " > 0 such that c1 = c(1�") > 1=n.Lemma 1. There exists an R such that for any x with jxj � R one has jf(x)j � c1jxj.



Lipschitz quotient mappings with good ratio of constants 5Proof. Take R > M=", then for any r � R one has r�M > r(1�"). Fix any point xwith jxj � R. Then 0 belongs to Bjf(x)j(f(x)), which, by the co-Lipschitz property, isa subset of f(Bjf(x)j=c(x)). This implies that there exists a preimage zi of zero, suchthat zi 2 Bjf(x)j=c(x). Then jzi�xj � jf(x)j=c, so jf(x)j � c(jxj�jzij) � c(jxj�M) >cjxj(1� ") = c1jxj.Let us show that for large enough r the index of the image f(@Br(0)) around zerois equal to n.Lemma 2. For any r > 1 there exists r0 > r such that jh(x)j > r for all jxj = r0.Proof. Take R from Lemma 1, let r0 = maxfR; r; 1c1 Pnk=1 jakjrkg + 1 and supposethat jh(x)j � r for some jxj = r0. Then jf(x)j = jP (h(x))j � Pnk=1 jakjjh(x)jk �Pnk=1 jakjrk < c1r0 { this is a contradiction with Lemma 1. By de�nition, r0 > r.Lemma 3. For any d > 1 there exists � > d such thatInd0f(@B�(0)) = Ind0P (h(@B�(0))) = n:Proof. Take R1 such that Pn�1k=1 jakjrn�k < 0:5 for any r � R1. Let r = max(d; R1) and� = r0 > r from Lemma 2. Then jh(x)j > r for jxj = �. Therefore, if the curve 
 ish(@B�(0)), then for any z 2 
 one has P (z) = (zn+ jzjn(Pn�1k=1 akzkjzjn )) = zn+ jzjn�(z)with j�(z)j � Pn�1k=1 jakjjzjn�k < 0:5, since jzj > r � R1. This implies Ind0P (
) =Ind0z2
 zn = n, since Ind0
 = 1.It is enough to note, as we shall in Lemma 4, that the length of f(@B�(0)) for such� > R, where R is from Lemma 1, is at least n �2�c1� > 2��. This is a contradiction,since 1-Lipschitz mappings do not increase the length. This �nishes the proof of thetheorem.Lemma 4. If 
 : [0; 1] ! R2 is a closed curve with j
(t)j � r for all t 2 [0; 1] andInd0
 = n, then the length of 
 is at least 2�rn.Proof. Fix any " > 0 and consider a regular polygon A = A0A1 : : : Am�1, centered atzero, of perimeter at least 2�r � ", inscribed in the circle of radius r.We consider R2 as a complex plane. For simplicity assume that 
(0) and A0 lieon the positive real semiaxis, so that A0 = r and Ind0(A0A1 : : : Am�1A0) = 1. Let



6 Olga Maleva0 = t0 < t1 < � � � < tmn = 1 be a set of points t 2 [0; 1] such that 
(tj) lies on theray R+Aj mod m (in other words, arg 
(tj) = 2�j=m). Consider a closed broken line
0 = 
(t0)
(t1) : : : 
(tmn). Note that length(
0) � length(
) and Ind0
0 = n. Alsoj
(tj)� 
(tj+1)j � jA0 � A1j for all j. This means that length(
0) � nmjA0 � A1j �n(2�r � "). Since this holds for arbitrary ", we get length(
) � 2�rn.Recently, M. Cs�ornyei [C] constructed an example of a Lipschitz quotient mappingfrom R3 to R2 such that the preimage of zero contains a 2-dimensional plane. Itis natural to conjecture that such phenomena cannot occur if the Lipschitz and co-Lipschitz constants are close to each other.The rest of this paper will be devoted to the case of di�erent dimensions. We willconsider only the case of the standard Euclidean norm, using the notion of orthogonalprojection.Lemma 5. For a �nite set A, let �(A) be the minimal Euclidean distance betweentwo di�erent points of A. Let dN;M be the maximum of �(A) over all N-point subsetsA of BM1 (0), the Euclidean unit ball of RM . Then1. if A � Bn1 (0), jAj = n + 1, then �(A) = dn+1;n if and only if A is the set ofvertices of an equilateral n-dimensional simplex �n+1 inscribed in the (n � 1)-dimensional sphere Sn�11 (0) = @Bn1 (0);2. dn+1;n > dn+1;n�1.Proof. 1. Let us show that �(�n+1) = dn+1;n. Take any set A = fa1; : : : ; an+1g �Bn1 (0) such that �(A) = dn+1;n. Then by de�nition d2n+1;n = mini6=j kai � ajk2 �2� 2maxi6=jhai; aji, since kaik � 1 for all i. Butmaxi6=j hai; aji � Avei6=j hai; aji = 1n(n+1)(ka1 + � � �+ an+1k2 � n+1Xi=1 kaik2)� �Pn+1i=1 kaik2n(n+1) � �1=n:It follows that d2n+1;n � 2+2=n = �(�n+1)2 � d2n+1;n, so �(�n+1) = dn+1;n. Moreover,if �(A) = �(�n+1), then hai; aji must equal �1=n for all i 6= j, and thus kaik = 1 forall i (otherwise mini6=j kai � ajk2 < 2 + 2=n). This means that A is an equilateraln-dimensional simplex whose vertices lie on the unit sphere.



Lipschitz quotient mappings with good ratio of constants 72. It is enough to note that a subset of Bn�11 (0) can be regarded as a subset ofBn1 (0), and as such, it is not an equilateral n-simplex.Theorem 3. There exists a universal constant 0 < �n < 1 such that if f : Rn+m !Rn is L-Lipschitz and c-co-Lipschitz mapping with �n < c=L � 1, then the preimageof a point under f cannot contain an (m+1)-dimensional surface having at least onepoint with tangent (m + 1)-plane.Proof. We again assume that L = 1. Let us prove �rst that the preimage of a pointunder f cannot contain an (m + 1)-dimensional ball. Assume the opposite is true:f(Bm+1R (0)) = 0. Let B = Bn+mR (0) and � = @f(B). Denote by � the projection ofRn+m on the �rst m+ 1 coordinates (so that �B = Bm+1R (0)), let e� = I � �.Since for any interior point x of B its image is an interior point of f(B), thepreimage of a point of � lies on the sphere Sn+m�1R (0). Note that kyk � cR for anypoint y 2 � � Rn , since f(B) � BncR(0). But kf(x)k < cR if ke�xk < cR for kxk � R,so we get that � is contained in f(eS), whereeS = fx 2 Rn+m : kxk = R and ke�xk � cRg= fx 2 Rn+m : kxk = R and k�xk2 � (1� c2)R2g:Let us use the notation dN;M from Lemma 5. Note that � contains n+1 points withpairwise distances at least cRdn+1;n (� is the boundary of a set which contains BncR(0);consider an equilateral n-simplex inscribed in Sn�1cR (0) and take the intersections ofthe rays from zero through the vertices of the simplex with �). Let A1; : : : ; An+1 betheir preimages in eS. Since f is 1-Lipschitz, we conclude that kAi � Ajk � cdn+1;nRfor i 6= j.Furthermore, kAi�Ajk2 = k�Ai� �Ajk2 + ke�Ai � e�Ajk2. Since Ak 2 eS, the �rstsummand is not greater than 4(1 � c2)R2. Consider fe�Akg as n + 1 points in the(n� 1)-dimensional ball of radius R. Then mini6=j ke�Ai � e�Ajk � dn+1;n�1R.Thus c2d2n+1;nR2 � mini6=j kAi � Ajk2 � 4(1� c2)R2 + d2n+1;n�1R2;which implies c2 � 4+d2n+1;n�14+d2n+1;n :



8 Olga MalevaIf we put �n = r4+d2n+1;n�14+d2n+1;n , then �n < 1 by Lemma 5 and for c > �n we get acontradiction.Now assume that f(T ) = 0 where T is an (m+1)-dimensional surface with tangent(m+1)-plane L at the point u 2 T . We may assume that L is a plane spanned by the�rst (m + 1) basis vectors, L = Ox1 : : : xm+1. If c > �n there exists " > 0 such thatc�" > �n. For this �xed " there exists R > 0 such that for each point v inBn+mR (u)\Lthere is a point t on T with kv�tk � "R. Consider a ball B = Bn+mR (u) and as beforedenote by � the projection of Rn+m on L (so that �B = Bn+mR (u) \ L = Bm+1R (u)),e� = I � �. If ke�xk < (c � ")R, then kf(x)k < cR, so @f(B) is contained in f(eS),where eS = fx : kxk = R and k�x� uk2 � (1� (c� ")2)R2g.Let the points Ai be as before, thenc2d2n+1;nR2 � mini6=j kAi � Ajk2 � 4(1� (c� ")2)R2 + d2n+1;n�1R2:This implies 4 + d2n+1;n�1 � c2d2n+1;n + 4(c� ")2 > �2nd2n+1;n + 4�2n = 4 + d2n+1;n�1 bythe de�nition of the constant �n. This contradiction �nishes the proof.This work will form part of the author's Ph.D. thesis. I would like to express mygratitude to G. Schechtman for many useful discussions, valuable comments, andpointing the relevant literature. I would like to thank G. Godefroy for a numberof interesting ideas and helpful conversations, J. Lindenstrauss for suggesting goodinteresting questions, and Y. Bazlov for his comments and corrections.References[C] M. Cs�ornyei, Can one squash the space into the plane without squashing?, preprint[JLPS] W. B. Johnson, J. Lindenstrauss, D. Preiss, and G. Schechtman, Uniform quotient mappingsof the plane, Michigan Math. J. 47 (2000), 15{31[MU] S. Mazur, S. Ulam, Sur les transformations isom�etriques d'espaces vectoriels norm�es, C.R.Acad. Sci. Paris 194 (1932), 946 { 948Department of Mathematics, The Weizmann Institute of Science, Rehovot 76100,Israel,email:maleva@wisdom.weizmann.ac.il


