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We give a sharp estimate on the cardinality of point preimages of a uniform co-Lipschitz
mapping on the plane. We also give a necessary and sufficient condition for a ball non-
collapsing Lipschitz function to have a point with infinite preimage.

1. Introduction

Consider a mapping f : X — Y between two normed spaces X and Y. The function

Qs(d) = sup [[f(x)=f(ly (L.1)
[lx—x"|lx <d
is called the modulus of (uniform) continuity of f. The mapping f is said to be uni-
formly continuous if Q¢(d) — 0 as d | 0. In this case the modulus of continuity is a sub-
additive monotone continuous function. The definition of Qf implies that f (B,(x)) C
Bo i (f(x)). (By B,(y) and Fp( y) we denote, respectively, the open and the closed ball of
radius p, centered at y.)

One important class of uniformly continuous mappings is the class of Lipschitz map-
pings, that is, those satisfying Q¢ (d) < Ld for some positive L. The least such L is called
the Lipschitz constant of the mapping f.

In a similar way, couniformly continuous mappings are defined as those satisfying

f(Br(x)) D Bun (f(x)), 7>0, (1.2)

where w(r) is a function of the radius r independent of the point x, such that w(r) > 0 for
r > 0. A particular case is a co-Lipschitz mapping which satisfies

f(B:(x)) D B (f(x)). (1.3)

We call the best (the largest) such constant ¢ the co-Lipschitz constant of the mapping
f. (Note that in some papers, in particular [3], the co-Lipschitz constant is the reciprocal
of our c.)

A mapping f is called a uniform quotient if it is both uniform and couniform; f is
called a Lipschitz quotient if it is Lipschitz and co-Lipschitz.
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In Section 2, we generalize results which were obtained in [4, 5]. We show that for a
uniform co-Lipschitz mapping of the plane, the cardinality of the preimage of a point
may be estimated in terms of the characteristic constants of the mapping, that is, its
co-Lipschitz and weak Lipschitz constants, namely, the maximum number of points that
amapping f can glue together does not exceed L}/c. The weak Lipschitz constant L} of
a uniform mapping f is defined in the following way:

. Qs(d)
f _-dyIBw d

< 400 (1.4)

(see [6] for a discussion of this constant). If f is a Lipschitz mapping, L? does not exceed
its Lipschitz constant (it can, however, be strictly less than the Lipschitz constant). If the
mapping is uniform with weak Lipschitz constant L} and is c-co-Lipschitz, then ¢ < L}.

In this paper, we will use the notion of the index (also called winding number) of a
closed curve around a point not on the curve, and the notion of n-dimensional Hausdorff
measure:

diam C;

9,(A) —supmf{Z( ) AclJc, diamC,-sS} (15)

§>0 j=1 j=1

(cf. [1, 2.8.15]). Of course, the diameter in this definition is with respect to the metric
given by the norm. Note that ¥, is so normalized that the measure of the unit ball is
equal to 1.

We also settle a special case of the volume ratio problem: if f is a Lipschitz quotient
mapping of the plane, then for any measurable set A, A,(f(A))/A2(A) is bounded from
below by a positive constant depending only on the Lipschitz and co-Lipschitz constants
of f.

In Section 3, we deal with so-called ball noncollapsing mappings (see [2, 5]).

A mapping f is called ball noncollapsing, if the f-image of a ball of radius r always
contains a ball of radius Cr, where C is a positive constant. The largest such C is called the
BNC constant of the mapping. The difference between BNC and co-Lipschitz mappings
is that the ball of radius Cr contained in f(B,(x)) need not be centered at f(x); the class
of BNC mappings is actually strictly wider than that of co-Lipschitz mappings.

In [5], we proved that if f : R? — R? is L-Lipschitz and C-BNC with C/L > 1/2, then f
is one-to-one. The same statement can be easily shown to be true for f : R — R! (such a
mapping has to be co-Lipschitz by [5, Lemma 4], and therefore, is monotone).

However, when C/L < 1/2, the mapping is not necessarily one-to-one (consider f(x) =
|x| on R!). In the present paper, we prove that for any pair of positive constants (C,L) the
following are equivalent:

(i) there exists f : R! — R!, C-BNC and L-Lipschitz, and a point x € R! such that
f71(x) is infinite;
(if) C/L < 1/3.
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2. Uniform co-Lipschitz mappings of the plane

In the first part of the paper, we show that under a uniform co-Lipschitz mapping, a point
may have up to L}/c preimages. Since for a Lipschitz mapping its weak Lipschitz constant
does not exceed its Lipschitz constant, we see that Theorem 2.1 generalizes our previous
result presented in [5, Theorem 1] (which holds for Lipschitz mappings with L instead of
LY).

TuEOREM 2.1. Let || - || be any norm on R2.If f: (R2, || - ||) — (R%, || - ||) is uniform co-Lip-
schitz, with ¢ being its co-Lipschitz constant and L;? its weak Lipschitz constant, and

max#f '(x) = n, (2.1)

xeR?
then ¢/L} < 1/n.
This theorem immediately yields the existence of the following scale.

COROLLARY 2.2. There is a scale of numbers
(n) (1 _
0<--- <G <-<CG ' =G<1 (2.2)

with c§"> = 1/(n+ 1) such that for any norm || - || of the plane, and any uniform co-Lipschitz
mapping f: (R2, | - |I) = (R%, [ - |), the condition c/L}‘ > Cé”) implies #f ~(x) < n for any
x € R%

Remark 2.3. Once we have such a scale, a natural question is whether the 1/n bounds are
precise. In the case of || - || being the Euclidean norm, the “winding mapping” ¢, (re®) =
re™® has weak Lipschitz constant # and co-Lipschitz constant 1, so the ratio of constants
Ly /c is equal to the maximum cardinality of a point preimage, which is .

An analogue of the winding mapping can be constructed for arbitrary norm || - ||. One
can define the argument, arg;. (), of any nonzero point y, and then set y,(rx) = ry,
where r > 0, and y is a point on 9B, such that arg | (y) = narg, (x) (see [5, Section 3]
for the description of this construction). In the situation when the unit ball is a regular
polygon (or, of course, its affine equivalent), the weak Lipschitz constant of v, is then
shown to be equal to 1, the co-Lipschitz constant of y;, is 1, so again Ly /c = n.

We have not yet worked out this example for other norms, so despite the feeling that
the estimate is sharp for any given norm (i.e., there exists a mapping f with a maximum
of n point preimages and the ratio of constants Lf/c equal to n), this question remains
open.

Proof of Theorem 2.1. Without loss of generality we may assume that f(0) = 0. By [3]
there exist a homeomorphism h: R? — R? and a polynomial P(z) of one complex vari-
able, such that

f=Poh. (2.3)

Clearly, degP = maxyer:#f '(x) = n. If n = 1, then the statement is obvious. Assume
n=2.
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Assume that ¢/L} > 1/n, then by rescaling without loss of generality we may assume
that LY < 1and ¢ > 1/n. Fix any

¢ € (l,c>. (2.4)
n
Let

€= , (2.5)

then ¢; = ¢(1 —¢).

Changing h by a transformation of the form h — ah + b, we may assume that h(0) = 0
and the leading coefficient a,, of P(z) is 1. Then P(0) = f(0) = 0 and P(z) has the form
2"+t ay_12" -t arz

We consider R? as the complex plane, and use the notation |x| for the absolute value
of the complex number x, which is the same as the Euclidean norm of x € R.

Let {z; = 0,2,,...,2x} be the set of preimages of zero under f, denote

M = max ||z]l. (2.6)
1<i<k

LEMMA 2.4. If f is such as described in the hypothesis of Theorem 2.1, and c; is as in (2.4),
then there exists an R such that for any x with ||x|| = R, || f (x)Il = ¢ llx]l.

Before stating the next lemma, we recall the notation Indyy for the index around the
origin of a closed curve y.

LEmMa 2.5. There exists d > 1 such that for any p > d,
Indo f (0B, (0)) = IndoP (h(0B,(0))) = n. (2.7)

LeEmMA 2.6. IfT: [0,1] — R? is a closed curve with ||T(¢)|| = r for all t € [0,1] and IndoT =
n, then the length of T in the sense of the 1-dimensional Hausdorff measure ¥, is at least

n¥, (3B,(0)). (2.8)

For the proof of Lemma 2.4 see [5, Lemma 1] and [4, Lemma 1], for the proof of
Lemma 2.5 see [5, Lemma 2], and for the proof of Lemma 2.6 see [5, Lemma 3].

Now we return to the proof of Theorem 2.1.

Consider S = 0B;—the unit sphere in the norm || - ||, as a closed, central symmetric
curve in (R?,] - |). For each & we denote by P(¢) a polygon inscribed in S with the follow-
ing property: the Euclidean length of each arc between two adjacent vertices of P(e) is less
than .

We assumed in the beginning of the proof that L;? < 1, therefore there exists dy such
that Qs (d) < d forall d > d.

Let a be the constant of equivalence between the norm || - || and the Euclidean norm
| - |, that is,

a x| < |Ix]l <alx|] Vx. (2.9)
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Let &p = min{c1/2a,dp/a} and assume ¢ < &. Note that || - ||-lengths of the sides of the
polygon P(e) are less than or equal to ae, which is less than dy. Let €(¢) be the smallest
II - lI-length among the lengths of sides of P(¢).

Consider the rescaling of P(¢) by a factor of dy/€(¢), and denote the new polygon by
A1A; - - - Ay (of course, the vertices A;’s and their total number m depend on ¢). For each
ionehas ||[A; — Ajp1 || = do, hence || fA; — fAi || < Qp(I[A;i — Ainll) < [IA; — Ajpy |l Thus
the €, -length & of the broken line f(A;) f(Az) - - - f(A) does not exceed the ¥, -length
of the broken line A1 A; - - - A, which is not more than #1(0Bg,/e(e)) = (do/€(€))¥1(0By).

Now we are going to estimate & from below. For this purpose, we first prove that
IndofA | fA;- - fA,, = n for sufficiently small ¢.

By Lemmas 2.4 and 2.5, there exists R such that || f(x)|l > ¢;llx]| for all x such that
x| = R, and Ind f (0B,) = nforall r = R.

Since £(¢) < ae (all sides of the polygon P(¢) were of || - ||-length less than or equal to
ae), one has €(¢) — 0 as ¢ — 0, and so dy/€(e) — +o0 as € — 0. Take such & < gy so that
do/€(€) > R for any positive € < & and fix some € € (0,¢;).

Note that the || - [[-distance between A; and any point on the arc #;;+1 = A;Ai4; of the
I - I-sphere of radius dy/€(€) centered at zero is less than or equal to ae - dy/€(¢) (this can
be easily demonstrated using triangle inequality), so #;+1 C Baedy/e(e)(A;). Thus

f(sliis1) CBayaedyece)) (fA)- (2.10)

Since aedy/€(e) = dy, the choice of dj yields

agd, aed,
Qf<€(£)> < (2.11)
and therefore
Bo(asdue(e)) (fAi) C Baedyrete) (fA7). (2.12)

Denote the latter ball by B. Note that by the choice of ¢, the radius of B is less than
(c1/2)do/€(¢), and at the same time || fA; || > c1[|A;ll = c1do/€(¢), so B $ 0. Therefore,

n= Ind()faBdO/g(g) = Ind()fA1fA2 e fAm, (2.13)

since if we replace f(sd;;+1) by the segment [ fA;, fA;1], the total index does not change.
Now we estimate the || - [|-distance of each segment I; = [fA;, fAi11] to zero. The
length of I;, as we already showed is less than ||A; — Ay || < aedy/€(€), and both its ends
have norm at least c;dy/€(¢). Thus dist(I;,0) > (1 — ae/cy)ci1do/2(¢).
Hence by Lemma 2.6, &£ > n - (1 — ag/cy)c1(do/€(€))#1(0By ). Thus, we get the follow-
ing inequality:
%%l(agl) >n- (1—§)c1%%1(331), (2.14)
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or, equivalently,

1znc1(1—@), (2.15)
C1
which does not hold for sufficiently small ¢, since the right-hand side tends to nc¢; > 1 as
e—0.

We arrived at this contradiction because we assumed in the beginning that ¢ > 1/#,
which enabled us to choose ¢ > ¢; > 1/n. Thus, ¢ < 1/n, and the theorem is proved. O

As a corollary, we obtain an interesting result: a Lipschitz quotient mapping does not
collapse areas.

TueOREM 2.7. If f: R? — R? is an L-Lipschitz and c-co-Lipschitz mapping with respect
to the Euclidean norm, then for any measurable set A C R? of finite positive 2-dimensional
Lebesgue measure 1,(A),

3

— <

A (f(A)
ARV (2.16)

)

Proof. Let ] f be the Jacobian of f (which is defined almost everywhere on R? since f is
Lipschitz). By the coarea formula (see [1, 3.211]),

[, 11f1dx= | #anstondy @.17)
Let N be the maximum cardinality of a point preimage under f. By Theorem 2.1, N does
not exceed L/c. Since #(A N f~1(y)) # 0 is equivalent to y € f(A), we conclude
L
[ #an oy <N (r) < (£ )a(rea). (2.18)

But obviously |J f| > ¢? almost everywhere, thus the left-hand side of (2.17) is at least
cA2(A). Thus, L, (f(A (3/L)A,(A). O

Note that if f is a Lipschitz quotient (Lipschitz and co-Lipschitz) and (2.16) holds for
every measurable set A, then the preimage of each point is finite. In fact, any estimate

A2 (f(A)) = 6)2(A) (2.19)

for all measurable A would imply that f~!(y) is finite for every y € R2.

Indeed, assume there is a point y with N preimages xi,x,...,xy. Consider a radius
r so small that the balls B,(x;) are disjoint. Denote by A the disjoint union of B, (x;) for
1 <i<N. Since f is L-Lipschitz, the image f(A) is a subset of By,(y). Together with
(2.19), this implies (Lr)?> > §Nr?, which is equivalent to N < L?/8.

This means that if we find an independent way to prove the estimate (2.19) for any
Lipschitz quotient mapping of the plane, this will imply the finiteness of point preim-
ages and the regularity of the mapping. If this independent way of proving (2.19) works
for higher dimensions, we will immediately get quasiregularity (in the sense of [7]) of
Lipschitz quotient mappings from R” to itself, which is now a challenging open question.
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3. Ball noncollapsing functions

THEOREM 3.1. The following statements are equivalent:
(i) there exists f : R! — RY, C-BNC and L-Lipschitz, and a point x € R such that
fY(x) is infinite;
(i) C/L < 1/3.

Proof. Let C/L < 1/3. Without loss of generality we may assume that L = 1 (the general
case is obtained by rescaling). Then we find an A > 1, such that C = (1 - A72)/(3 — A72).

For an interval I = [a,b] in R! define the “hat function” h;(x) by (b—a)/2 — |x —
(a+b)/2]. Now let the mapping {4 : R! — R! be defined by

x ifx <0,
(a(x) =3 (=Dkhpar aney(x)  ifAF <x < A7F1 k>0 integer, (3.1)
x—1 ifx>1.

Obviously, {4 is a 1-Lipschitz function (the simplest explanation is that its graph consists
of line segments which form an angle of 45° with the x-axis).
We will check now that {4 is BNC with constant (1 —A~2)/(3 — A72). O

We reformulate this as the following lemma. Denote by |I| the length of an interval I
in R,

LemMA 3.2. For any nonempty interval I in R!,

Gl 1-A2

> =C. 2
[T 3-A2 ¢ (3.2)
Proof. Let
A-1 A-1
L =1 -—1 ,
! m[ 24 +2A2]
A-1
IZZIH<—OO,—7), (33)
I Im<1+ 1 )
3= 2A27

Since max|o,1] {4 = (A — 1)/2A%, and min(g,;) {4 = —(A — 1)/2A, we conclude that for i # j
the intersection of (4-images of two intervals I; and I; is an empty set:

C>A_1 on(l-}-u oo)

A7 A2 24270 )

A-1 A-1 A-1_  A-1

oA <=4 On[_ e ] (3:4)
f<-B=l On(_m_ﬂ)
A 2A *T A

It is clear that | {4 (I;)| = |I;| for j = 2,3. Thus, it is enough to show that [{4(I1)| = C|I;|.
We will assume || # 0, otherwise this inequality is obvious.
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LetI; = [al,bl] andJ =1, N [0,1] = [a,b].

In what follows, we use the fact that if [s,f] is contained in an interval of the form
[A=(+D, A=F], then |{4([s,t])] = 1/2|[s,t]| by the property of the hat function A4~ 4+
Case 1. Ifboth a and b are contained in the same interval of the form [A~**D A=K] then
ICa([a,b])| = (1/2)|[a,b]|.

If ] = I, this finishes the proof since 1/2 > C.

If J # I,, then the only possibility is that b; >b =1 and a; = a € [1/A,1]. Then {4 is
negative on [a,b] and is positive on [b,b; ], s0 [ {4 (I1) | = {4 ([a, b]) [+ (by — b) = (1/2)|I}| >
ClL|.

Case 2. If a and b are contained in two adjacent intervals of the form [A-Kk+D A=K] then
since (4 has different signs on those two intervals, we conclude that {4 (J) > 1/2]]| > C|]|.

If] # I, then necessarily by >b =1and a; =a € [1/A%,1/A]. Letx=1/A—aand y =
by — 1. By the construction of the interval I1, y < (A — 1)/2A% = max(s-24-1) (4. Hence

. (A-1
[rarll,%)f] {4 = min (m,max{x,y}). (3.5)

Denote this number by «. Then

0l -30-2)re=2{(1- e

= %|Il | >C|L| if a=max{x,y},
(3.6)

1 1 A-1 1 1 1 1 1
L)|=Z(1-—]+ =-S5t — -
[Ca(1) ] 2( A) 242 2 24273 6A 2A?
1 A-1 1 1
_§<1+ IA2 —F>Z§|11|>C|11| otherwise

(since I; C [1/A%,1+ (A —1)/2A%], ||| <1+ (A —1)/2A% — 1/A?).
Case 3. If ] overlaps with three intervals of the form [A~(**D, A=¥], then it must contain
one of them. Assume

1 1 1 1
< 2 < T <bx< o (3.7)

Ifb=1,thenn=0,s0ac [1/A3,1/A?]. Then

1A-1 1A-1
], (3.8)

therefore {4 (I;) = (a(J) (even if I # J; the right-hand side is simply the image of the
whole interval [—(A — 1)/2A,1+ (A — 1)/2A?] containing I} ), and

A-1 A—1>_A2—1

|CA(II)| :%( A + A2 A2 . (39)
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At the same time

A—1_(_A—1)_3AL4

L] <1+—7 2A 242

(3.10)
s0, [Ca(I)| = (A* —1)/(3A% - 1) - [T .
If, however, b < 1, then I; = J. Without loss of generality we may assume that {4y >0
on the interval (1/A™2,1/A""1), which is contained in J = I; = [a, b].
Let x = 1/A"™2 —gand y = b — 1/A™!. It is clear that max,p) {4 = (A — 1)/2A"*2
(1) If y > (A—1)/2A™!, then mingp) {4 = —(A — 1)/2A™*!, and so
A-1 A-1 A?-1

= (3.11)

|(A (Il) | = 2An+2 t 2An+1 2AN+2

and |I;| < 1/A". We see that |(a(I)I/I1] = (A? —1)/2A% = (A2 —1)/(3A% —1) (since
A>1).
(2) Ifx < y < (A—1)/2A™1, then min|,p) {4 = —y, therefore

| Ca (1) |

= 2An+2 +y_ 2

Al >1(A_1+x+y)=%|11|>C|Il|. (3.12)

(3)If y <x < (A—1)/2A™3 we get min(,p) {4 = —x, and

Ant2

)= A=l |

1
- +xty) = S0l (3.13)

(4)If y<(A—1)/2A", y<x,and x>(A—1)/2A"", then min,p) {4 = — (A — 1)/2A"*3,
In this case

A-1 A-1
[Ga(h) ] = A T oam
(3.14)
A-1
|Il| = W‘FX‘F)/.
We check that
1/A-1

|(A(Il)| > 5(@ +X+)/). (315)

Since y < x < (A—1)/A""3, we conclude that the right-hand side is not greater than
(A—1)/3A"3(A +2). The left-hand side is equal to (A — 1)/2A"3(A + 1). So it is enough
to check that (A+2)/3 < (A+1)/2, which is true for A > 1.

Case 4. If ] = [a,b] overlaps with at least four intervals of the form [A~(*D A~=k], then
we consider four possibilities.

(4A)a=0and b= 1.Inthiscase |I;| <1+ (A —1)/2A+ (A —1)/2A%? = (3A% — 1)/2A?
and [{4(I1)] = (A—1)/2A + (A—1)/2A% = (A2 —1)/2A%. So, |La(I)I/II;| = (A>-1)/
(3A2—1).

(4B) a >0 and b = 1. In this case {4 (J) = {4la,1] = {4]0,1], since the minimum of {4
on [a,1] is attained at the point (1/2)(1/A + 1) and the maximum—at (1/2) (1/A% + 1/A).
S0, [Ca(I)| = 1440,b1]] = (A* = 1)/(3A* = DI[0,b1]] = (A* — 1)/ (3A* = DL, .
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(4C) a >0 and b < 1. This case follows from the next one, (4D), in the same way as
(4B) follows from (4A): we use that I; = J and [{a(I1)| = 4[0,b]].

(4D) a=0and b < 1. Assume (4(b) <0 and b € [1/A"1,1/A"]. (The case {4(b) >0
will be treated later in (4D-V) and (4D-VI).) Then

1 1 1
m}ax(A = rr}?x(A =5 (A"“ - A"+2)' (3.16)

Denote x = —a; and y = b — 1/A"*1.
(4D-1) x = (A — 1)/2A™!, Then miny, {4 = —x. So,

A-1
[Ca(l) | = x+ TAnT2 (3.17)

and || < x+ 1/A".
In order to prove |{4(I;)| = C|I, |, it suffices to show that

A-1 A? -1 1
T oam = 3A2—1<x+ﬂ>' (18)
This is equivalent to
A2 -1 Az -1 1 A-1
1- > C— = . 1
x( 3421 ) 3421 An 2An (3.19)
Rewriting this inequality, we get
2A2 A-1
X [24% — A2 +1]. (3.20)

>
3A2—1 7 (3A2—1)2A"2

Since x = (A — 1)/2A™*1, the left-hand side is at least ((A — 1)/2A"*1) - (242/(3A2 - 1)),
so it is enough to prove that
1

2A% >
A

[24% — A2 +1], (3.21)

which is true for A > 1.
(4D-I) x < (A — 1)/2A" y> (A — 1)/2A"". Then miny, {4 = —(A — 1)/2A"*L. There-
fore,

A-1 A-1 A*-1

|(A (Il) | - 2ANt2 + 2Ant1 = 2ANt2 ’ (3'22)
and |I;| < x+ 1/A". We want to show that
AZ—1 Az -1 1
24m2 = 3A2—1<x+ﬂ>’ (3.23)

which is equivalent to

1 1 1
SAm? > 3AT 1 <x+ ﬂ) (3.24)
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Since x < (A — 1)/2A""!, the right-hand side is less than or equal to

— 2_
1 3A-1 1 <3A A) 1 (3.25)

3A2—1 2Am1  2Am2\342—1) = 2Am2’
since A > 1.
(4D-1II) x, y < (A—1)/2A™"!, and max{x, y} > (A—1)/2A"*3. Then miny, {4 = — max{x,
¥}, 50 [{a(h)| = max{x, y} + (A —1)/2A"2 and |I,| = x+ y + 1/A"1,
We want to show that
—1_ A’-
2An+2 = 3A2 -1 x+y+An+1

max{x, y} +

). (3.26)

Replacing x + y by 2max{x, y}, we get a stronger inequality

A2 -1 A -1 1 A-1
maX{x’y}<1 “25ar 1) Z3a0-1 A gam (3.27)
which is equivalent to
Ar+1 A-1
, > 2A% +2A - 3A%+1). 2
max{ )} ST = Az 1)2am | 34%+1) (3.28)
Since max{x, y} > (A —1)/2A™", it is enough to check that
A-1 A-1,
S A (A +1)22An+2(—A +2A+1). (3.29)

The latter inequality is equivalent to A> +1 > A(—A? +2A + 1), which is the same as A® —
A2> A —1,truefor A > 1.
(4D-1V) max{x, y} < (A —1)/2A"3. Then miny, {4 = —(A —1)/2A™3, so |{u(I})] =
(A—1)2A™3 + (A —1)/2A™? and
1A-1 1

1
Antl =2 E Ant3 +An+1' (330)

LI =x+y+

The inequality |{a(I})| = (A2 —1)/(3A2 —1)|I;| then becomes a particular case of
(4D-IIT) (x = y = (A — 1)/24™+).

This finishes the proof of (4D) under the assumption {4 (b) < 0.

Now assume {4 (b) > 0.

In order to determine the maximum and minimum values of {4 on the interval I;, we
must compare x with (A — 1)/2A™*2, and y with (A — 1)/2A"*!.

(4D-V) y > (A—1)/2A"'. Then one has minj, {4 = —max{x,(A — 1)/2A"*?} and
maxy, (4 = (A —1)/2A" . So [{4(I})| = max{x, (A — 1)/2A"2} + (A — 1)/2A""!, and

1 A-1 1
|Il| SX‘FHSIHE[X{X,ZAW}'FE. (3.31)

It is enough to prove that

A-1 A2-1 1
> +—, 32
24+ 3A2—1<“ Aﬂ) (3:32)
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where a = max{x, (A — 1)/2A""?}. This inequality is equivalent to

2A2 A-1
> —3A%+1+24A(A+1
“Sar—1 > 2(3Ar—D)AmTl 3 (4+1)

o (3.33)

- O (—A2424+1).

2(3A2 — 1) A+l ( )

Since a > (A — 1)/2A"*2, it is enough to prove that
A-1 A-1

(—A2+2A+1). (3.34)

>
(3A2—1)A" ~ 2(3A2—1)An+l

The latter inequality is the same as 1 > (1/2A)(—A? + 2A + 1); this is always true for A > 1.
(4D-VI) y < (A—1)/2A™1L In this case [{4(I1)| = max{x, (A — 1)/2A"?} + max{y,
(A-1)2A"3} and || = x + y + 1/A™! < max{x,(A —1)/2A"?} + max{y,(A—1)/
2A73} + 1/AMT,
We want to prove that o+ > ((A%? — 1)/(3A% — 1)) (a+ + 1/A""1), where & = max{x,
(A—1)/2A"?} and 8 = max{y, (A — 1)/2A™3}. The latter inequality is equivalent to

@+ p) 242 A1
3A2—1° (3AZ—1)An+1

(3.35)

But a+ > (A—1)/2A"2 + (A —1)/2A"3 = (A% — 1)/2A™3, so the inequality follows.
O

Now we prove that the bound of 1/3 cannot be improved, that is, if a Lipschitz and
BNC mapping has infinite point preimages, then the ratio of constants C/L is strictly less
than 1/3.

We assume again that the Lipschitz constant of the mapping is 1, clearly without loss
of generality. We denote by |I| the length of an interval I C R.

Note that for a continuous function from R to R the constant C does not exceed the
lower bound of | f(I)|/|Il, taken over all intervals I C R.

LEmMa 3.3. Suppose f is a 1-Lipschitz function on R, and 0 = xy < x1 <x; < - -+ < X, are
roots of f (meaning f(x;) =0). Then

max  (xj11 —x;) + (X1 — Xk). (3.36)
0<j<k=<n-1

o=

|f[0rxn]| =

Proof. Denote I; = [x,,xs+1] and assume that I and I; are the longest and second longest
intervals, respectively, among all I, 0 < s < n — 1. Then f(I) C [~|I;1/2,|I;]/2] for all
s # k, since f is 1-Lipschitz, f vanishes at the endpoints of these intervals and |I;| < |I;].
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But f(I) is an interval of length at most |I;|/2, containing zero, therefore

Ll Ll - |1,
‘f(lk)\[—u,%]’ﬁiﬁk|2|]|). (3.37)
Thus, | f[0,x,]1 < [I;| + (IIc] = |1;1)/2 = (1T | + |1;])/2. O

CoROLLARY 3.4. IfI = [0,x,] is an interval as in Lemma 3.3 with n = 3 (i.e., an interval
containing at least two roots of f other than its endpoints), and there exists an interval I, D I
such that |I| = |I| + | f(I)| and f(I,) = f(I), then C < 1/3.

Proof. As we noted in the beginning, C < | f(I))|/[I;| = | f(I)|/(II| + | f(I)]). Lemma 3.3
implies that | f(I)| < |I1/2, then | f(I)I/(I1I| +1f(I)]) is strictly less than 1/3. O

We return to the proof of the theorem.

We will assume that f(0) = 0 and the point 0 has an infinite preimage under f, and
we will show that C < 1/3 in such a case.

Throughout the proof, we will use the following notation. Let ¢ be a nonnegative num-
ber. Denote

a(t) = sup f[0,t],
b(t) = —inf f[0,1],
na(t) =inf {t' >t: a(t') > a(t)},
np(t) =inf {t' >t: b(t') > b(t)},
mg(t) = sup{t' € [t,mp()]: f(t') = max f[t,np(t)]},
mp(t) = sup {t' € [t,n,(¢)]: f(') = min f[t,n,(t)]}.

(3.38)

Note that if a(t) and b(t) are both positive, then n,(t) # n,(t) since f is continuous.
Suppose that M = {x: f(x) = 0} is an infinite set.
Case 1. M is unbounded.
This case may be split into two: if M is, say, bounded from below (but unbounded
from above), we assume that

I{xn}: x4 >0, x, — 400, f(x,) = f(0) =0, (3.39)
f has no roots in (—c0,0); (3.40)

if M is unbounded both from above and from below, we may assume that

0,
0.

I{xn}: x4 >0, x, — +00, f(x,) = £(0)

3.41
303} yu <0,y — o0, f(3) = £(0) (4D

Now we discuss the case where M is unbounded from above and bounded from below.
We prove that C < 1/3 in this case in Lemmas 3.5 and 3.6.

LemMma 3.5. If f: R — R is 1-Lipschitz, C-ball noncollapsing, (3.39) holds and the image of
[0,+00) is not the whole real line, then C < 1/3.
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Proof. If f[0,+c0) is a bounded interval, then inf| f(I)|/|I| over all intervals I C R is

equal to zero, thus C =0< 1/3.

Otherwise f[0,+00) is a ray. Assume that inf f[0,+00) = —m is finite and sup f[0, +c0)
= +co. Note first that m > 0, since f(0) = 0. Without loss of generality we may assume
that x,+1 > x,,, and moreover, X1 — X, > X, — X,—1, for each n. Then Lemma 3.3 implies

that for each n > 2 one has

(xn - xnfz) )

a(xn) +b(xn) = |f[0)xn]| = )

Consider 7 > 3 such that | f[0,x,]| >3m and
Xp—o >3m.

Let a = a(x,) and b = b(x,,). Then

a=(a+b)+(m—-b)—-m>3m+0—m=2m=b.

We show that | f[—b,x, +a]| <a+m.

Indeed,
f(x)e[-bb] c[-m,a] forxe[-b,0],
since
m=b, b<a, f(0)=0, fisl-Lipschitz;
f(x)e[-m,a] forx € [x,,x,+a]
since

flio4w) = —m,  f(x,) =0, fis1-Lipschitz.

Then f[-b,x,+a] C [-m,al,so | f[-b,x,+a]l <m+a.
Then

C<|f[—b,xn+a]| m+a+b_ Xp—m

By (3.42), a+ b < (x, — x4-2)/2, so we have

| Knmm o Xp— M
atb+x, (xp — Xn—2)/2+ x4

|[ = b,xn+a]| S atb+x,  a+b+x,

(3.42)

(3.43)

(3.44)

(3.45)

(3.46)

(3.47)

(3.48)

(3.49)
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since m < x,, by (3.43). The latter is strictly less than 1/3:

X, —m Xy — Xn—2/3 1
1- 1- == by(3.43 3.50
(xn—x,,_z)/2+x,,< (X —xn-2)/2+x, 3 y (3.43) (3.50)
Together with (3.48) this gives C < 1/3. O

LemMa 3.6. If f: R — R is 1-Lipschitz, C-ball noncollapsing, (3.40) holds and f[0,+00) =
(—o0,+00), then C < 1/3.

Proof. Since f has no roots in (—00,0), its sign there is constant. Assume, for example,
that f is strictly positive on (—c0,0).

Find a root x of f such that a(x) >0 and b(x) >0, and the interval (0,x) contains at
least two roots of f (since M is unbounded, this is possible).

Then

fl—a(x),0] c[0,a(x)] c [ - b(x),a(x)], (3.51)

since f is nonnegative on [—a(x),0], f(0) = 0 and f is 1-Lipschitz.
If b(x) < a(x), then

flox+bx)] [ -blx),alx)], (3.52)

since f is 1-Lipschitz, f(x) = 0 and so f[x x+b(x)] [—b(x),b(x)] C [-b(x),a(x)].

Together (3.51) and (3.52) imply f[—a(x),x +b(x)] = f[0,x], therefore C < 1/3, by
Corollary 3.4 applied to the interval I = [0 x]

Assume now b(x) > a(x). We want to show that (3.52) still holds, then we would be
able to conclude that C < 1/3.

Note that since the f-image of (0,+) is the whole real line, n,(x) and n;(x) are finite
numbers.

If np(x) < na(x), then (3.52) holds since x + b(x) < n,(x) and by definition of n,(x)
one has f(t) <aforall f € [0,n,(x)].

If na(x) < nb(x), then f has roots in the interval (x,n,(x)), since f(n4(x)) = a(x) >0
and f(np(x)) = —b(x) <0.

Let zp = sup{z € (x,np(x)) : f(z) = 0}. Consider then the interval [0,2] between the
two roots. Note that b(zy) = ( ), and thus #,(zg) = np(x). At the same time a(zy) > a(x).

If it turns out that b(zy) < a(zy), then (3.51) and (3.52) hold if we substitute z, instead
of x, so we immediately get C < 1/3. If, on the contrary, b(z) > a(zo), then ny(zo) < n4(z0)
(otherwise f would have roots between zy and n,(29)). We now replace x by z, and get
back to the case np(x) < n,(x), where, as we have already shown, C < 1/3. O

Thus we have proved that if (3.39) and (3.40) hold (i.e., M is bounded from below), the
statement of the Theorem is true. We now discuss why C < 1/3 in case (3.41) takes place.

By Lemma 3.5, if the image of either [0,+ ) or (—o0,0] is not the whole line, then
C < 1/3. Thus we may assume that f[0,+00) = f(—00,0] = (—co0,+00).
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Lemma 3.7. If f: R — R is 1-Lipschitz, and (3.39) holds, then there exists a sequence
P1> P25 .. of points such that

0<pe<prr1 Vk=1, (3.53)
f(p1) >0, f(pr) f(prs1) <O Vk=1, (3.54)
| f(pe)| < | f(prea)| Vk=1, (3.55)

flpe) =alpe) if f(pe) >0,  f(px) ==blpx) if f(pr) <O, (3.56)
F) e f(pe)s f(peen)] or [f(prna)s f(pr)] for x € [ prs prsa]. (3.57)

Remark 3.8. Since f[0,+00) = (—00,+00), (3.56) implies
| f(p) | — oo (3.58)

Proof of Lemma 3.7. Consider n such that a = a(x,) >0and b = b(x,) >0. Let z; = sup{z
€ [0,x,]: f(2) = a} and z, = sup{z € [0,x,]: f(z) = —b}. Without loss of generality
(since we may replace f by —f) assume that z; < z,. Then put p; = z; and p, = my(z1).
We check conditions (3.53)—(3.57) for p; and p,.

(i) Condition (3.53). We know that p, =my(p1) = p1, butsince z; < z; < x, < n,(21),

f(p2) =min flz1,n,(z1)] < f(22) = ~b<a= f(p), (3.59)
SO P2 #Pl
(ii) Condition (3.54). Since f(p1) =a>0and f(p,) < —b <0, we get f(p1)f(p2) <

0.

(iii) Condition (3.55). There is nothing to check.

(iv) Condition (3.56). f(p1) = a=a(p1), f(p2) < —b,s0 f(p2) = —b(p2).

(v) Condition (3.57). If x € [p1, p2], then f(x) = min f[p1, p2] = min f[p1,n.(p1)] =
f(p2)and f(x) < f(p1) = a(p1), since x < pr < na(p1).

Assume now that p; < - - - < p,_1 < p, are constructed. Then let

Pus1 = {mb(Pn) iff(Pn) >0,

~— —

3.60
ma(pn) if f(pa) <O. (60

Since we know that the image of [0, +c0) is the whole line, we conclude that p,, is a finite
number.

We check conditions (3.53)—(3.57) for p,.1. Assume, for example, that f(p,) >0 (so
that Pn= ma(pnfl))-

(i) Condition (3.53). Firstly we show that n,(p,) >n,(p,). Indeed, 1y (pn) =15 (pu-1),
and p, is the rightmost point in [p,_1,np(ps—1)] where f attains the maximum
value on [p,—1,1p(pn-1)], so na(p,) cannot be inside this interval. This means
na(pn) > nh(pn—l) = nh(pn)~ Now, Pni1 = mb(pn) = Pns and

f(pne1) =min f[pu,na(pn) | <min f[punp(pa)] <0, 50 pur1 # pa. (3.61)

(ii) Condition (3.54). Since f(p,) >0 and f(pn1) <0, we get f(pu) f(Pns1) <O.
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(iii) Condition (3.55). The inequality n,(p,) > np(pn—1) implies that f takes values
less than —b(p,-1) in the interval [ p,,na(ps)]. Since f(pn+1) is the least value of
fin [pu,na(pn)], we have

f(pui1) <=b(pu-1) = f (pn-1). (3.62)

(iv) Condition (3.56). Since min f [ py, a(pn)] = f(pnt1) < f(pn—1) = min f[0, p,], f
attains its minimum on [0,71,(p,)] D [0, pus+1] at pui1.
(v) Condition (3.57). If x € [py, pu+1], then

f(x) = minf[pmpnﬂ] = minf[Pmna(Pn)] = f(pnﬂ): (3.63)

and f(x) < f(pn) = a(pa), since X < pyy1 < 1a(py).
Lemma 3.7 is thus proved by induction. O

Remark 3.9. Since f(—00,0] = (—o00,00), the same argument shows that there exists a
sequence qi,42,..., such that

0>qgk > qgrn Vk=>1, (3.64)
f(qk) f(qrn) <0 V=1, (3.65)
| flqe)| < | fqrea)| V=1, (3.66)

@) - {maxf a0} L) >0, (3.67)

min f[gx,0] if f(qk) <0,
f) elflan)fge1)] or [f(qrn),f(ar)]  forx € [grr1,qk]. (3.68)

Note that if f(q;) <0, we can consider another sequence g, = gk+1, k = 1, and (3.64)
holds for g; as well. Therefore, we may assume that f(g;) > 0. Since | f (px)| — oo, there
exists n such that f(p2,) < f(qs) <0.

Let

g=sup{x e [gsqal: f(x) = f(g5)}
f(x) (3.69)

=inf{x € [Q3;P2n]: :f(q4)}-

Note that f[q,q4] = f[qs,q3] = [f(q4), f(q3)].

Since min f[q,,0] = f(q2) >f q4) and f[q3,q2] C [f(q2), f(g3)], we conclude that p
is nonegative. Moreover, p # 0, since f(p) = f(q4) # 0.

Therefore p > 0. Note that it is possible, that f[g3, p] contains some points f(x) >
f(g3). If not, that is, f[qs,p] = [f(qa),f(q3)], one has C < [[f(qa), f(q3)]l/I[q,p]l <
1/3. Note that in this case the equality C = 1/3 would imply that f(x) = f(g3) +g3 —xon
(93, p] D [g3,0]. Then f has at most one root in [g3,0], which is impossible since f has
at least three roots in this interval: a root in (g3,¢2), a root in (g2, ), and a root at zero.
Therefore, C < 1/3.
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If, however, f[qs, p] contains some points f(x) > f(gs3), then consider

ri=inf {x € [0,p]: f(x) = f(g3)},

ry =inf {x € [g5,r1]: f(x) = min f[qs,n]}. (3.70)

Since r, < r; < p, we conclude that f(r;) = f(p) = f(qa4). In order to finish the proof it
suffices to consider

rs=sup{x € [qs,q3]: f(x) = f(r2)}, (3.71)

and to note that

flrsqs]l = flgsr2] = flrn] = [f(r2), f(g3) ], (3.72)

therefore C < 1/3. Again, if here C = 1/3, then f is linear on [g3,72] and is linear on
[r2,71]. This means that f has at most two roots in [g3,71] D [g3,0], which is not true,
since f has at least three roots in this interval. Therefore, in this case C < 1/3 as well.

So we have finished completely the case when M, the set of roots of f, is unbounded.
Case 2. M is bounded.

In this case there exists xp € M and a strictly monotone sequence {x,} C M such that
Xn — Xo. Without loss of generality we may assume that xy = 0 and x,, > 0.

LemMA 3.10. Let f: R — R be 1-Lipschitz and C-BNC. If there exist x,, | O such that f(x,)
= f(0) = 0 and there exists ngy such that a(x,,) = 0 or b(x,,) = 0, then C < 1/3.

Proof. Assume b(x,,) = 0, then there exists n; > 1y such that x,, +a(x,,) < x,,. This fol-
lows from the fact that 0 < a(x) < x (f is 1-Lipschitz) and x, | 0. For such x,,, one has
b(xn,) = b(xp,) = 0. Then f[0,x,, +a(x,,)] = f[0,x,,]. Since [0,x,,] contains more than
4 roots, Corollary 3.4 implies that C < 1/3. O

We will consider two cases (in analogy with (3.39), (3.40), and (3.41)):
(I) there exists § > 0 such that f has no roots in (-§,0);
(II) there exists a sequence {y,} C M, y, <0, such that y, — 0.
Now for nonnegative t we will use the following notation:

n,(t) =sup{0<t <t:a(t)<a()},

n,(t) =sup {0 <t <t: b(t') < b(t)},
my(t) = inf {t' € [n,(1),t]: f(t') = max f[n(
my,(t) = inf {t' € [ny(t),t]: f(¢') = min f[n(

(3.73)
1}
I}

Assume (I) holds. Since f has no roots in (—4,0), its sign is constant on this interval.
Suppose, for example, that f is strictly positive on (—6,0).

Take an interval I = [0,x,] for some x, < 2§. In view of Lemma 3.10 we may assume
a(x,) >0 and b(x,) > 0. Since a(x;),b(x;) — 0 there exists x,4x < x,, such that 0 < a =
a(xntk) < a(x,) and 0 < b = b(xy4k) < b(xy). If a = b, then f[—a,xpk +b] = f[0,x,44]
(=0 < —xn/2 < —Xp4k/2 < —a). By Corollary 3.4 this equality implies C < 1/3.

1)t
t),t
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If a < b, we compare 1,(Xp+k), 1y (Xn+k) € [Xn+k>Xn] and apply the same procedure as
in the proof of Lemma 3.6 (in the case when all roots of f were positive and there was a
sequence of them tending to infinity).

In order to prove that C < 1/3 in the second case (II), we use the following lemma.

LemMa 3.11. Let f: R — R be 1-Lipschitz. If there exist x, | 0 such that f(x,) = f(0) =0,
then there exists a sequence pi, p,... of points such that

0<prn<pr Vk=1,
f(p1) >0, f(pr)f(prn) <0 Vk=1,
[ f(pi) | > [ f(pr2) | VE=1, (3.74)
flpe) =alpx) if f(pe) >0, fpx) =—=bpx) if f(pr) <O,
f) e lf(pe)s f(peen)] or [f(pra), f(pr)]  for x € [prers pi]-

Remark 3.12. Since a(x),b(x) — 0 as x | 0, the fourth condition implies | f (px)| — 0.

Proof. Let z; = inf{z € [0,x1]: f(2) = a(x1)} and z, = inf{z € [0,x1]: f(z) = —b(x1)}.
Without loss of generality assume that z; > z;. Then put py = z; and p; = m(z1).
Having constructed p; > - -+ > p,_; > p, >0, we put

- {mupn) if £(pa) >0,

3.75
m,(pa) i £ (pn) <0. (375)

Since a(x),b(x) — 0 as x — 0 and a(x),b(x) > 0 for all x (we may assume this, because
otherwise Lemma 3.10 immediately implies C < 1/3), we conclude that p,+; > 0.
All the conditions are verified in the same way as in Lemma 3.7.

Remark 3.13. As before, note that we can construct a sequence q; < g < - - - < 0 with
analogous properties. We may assume that f(q;) <O0.

Since f(pn) — 0, there exists k > 2 such that 0 > f(pak—2) > f(q1). Let

q=sup{x € [qi,par1]: f(x) = f(par—2)}

p=inf{x € [pak—2, pax-3]: f(x) = f(par-1)}. (3.76)

Note that f[pak—1, par—2] = flpak-2,p1 = [f(p2k-2)s f (p2x-1)].

Note also that g < 0, since f does not attain the value f(pak—2) on [0, pak—1]. Also, g
cannot be zero, since f(q) = f(pak—2) # 0.

So g < 0. It is possible that f[g, pok—1] contains some points f(x) > f(pak-1). If not,
that is, f[g, pak—1] = [f(p2k—2), f(p2k-1)], one has C < 1/3. Note that in this case the
equality C = 1/3 would imply that f(x) is linear on [q, pak—1] which is impossible since f
has infinitely many roots in this interval. Therefore, C < 1/3.

If, however, f[q, p2k—1] contains some points f(x) > f(pak-1), then consider

ri =sup {x € [q,0]: f(x) = f(pa-1)}>

r2 =sup{x € [, pak—1]: f(x) = min f[r, pa-1]}. (3.77)
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Since r, > = g, we conclude that f(r2) = f(q) = f(pak—2). To finish the proof, consider
r3 =inf {x € [pak—1, pak—2]: f(x) = f(r2)}, (3.78)

and note that

flrinal = flrspa-1] = flpa-vr3] = [f(r2), f(pax-1) ] (3.79)

and therefore C < 1/3. Again, if here C = 1/3, then f is linear on [ry,7,] and is linear on
[72, p2k—1]. This means that f has at most two roots in [r;,0], which is not true, since f
has infinitely many roots in this interval. Therefore, also in this case C < 1/3.

This finishes the treatment of the case when M is bounded, as well as the proof of the
theorem. |
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