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Abstract

We show that any non-zero Banach space with a separable dual contains a totally disconnected, closed
and bounded subset S of Hausdorff dimension 1 such that every Lipschitz function on the space is Fréchet
differentiable somewhere in S.
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1. Introduction

It is well known that there are quite strong results ensuring the existence of points of dif-
ferentiability of Lipschitz functions defined on finite and infinite dimensional Banach spaces.
Rademacher’s theorem implies that real-valued Lipschitz functions on finite dimensional spaces
are differentiable almost everywhere in the sense of Lebesgue measure. For the infinite dimen-
sional case, Preiss shows in [12, Theorem 2.5] that every real-valued Lipschitz function defined
on an Asplund! space is Fréchet differentiable at a dense set of points.
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is nowhere Fréchet differentiable; see [2,3].
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A natural question then arises as to whether every “small” set S in a finite dimensional or
infinite dimensional Asplund space Y gives rise to a real-valued Lipschitz function on Y not dif-
ferentiable at any point of S. Let us call a subset E of the space Y a universal differentiability set
if for every Lipschitz function f : Y — R, there exists y € E such that f is Fréchet differentiable
aty.

In this paper we show that for non-zero separable Asplund spaces Y, there are always “small”
subsets with the universal differentiability property, in the sense that the Hausdorff dimension of
the closure of the set can be taken equal to 1. Hence, as we may also take the set to be bounded,
in the case in which Y is a finite dimensional space of dimension at least 2 we recover the fact
that a universal differentiability set may be taken to be compact and with Lebesgue measure zero,
a fact first proved by the authors in [6].

In the case dim Y = 1 it is easy to show that every Lebesgue null subset of R is not a universal
differentiability set; see [13] and [8]. Note also that a separable Asplund space is simply a Banach
space with a separable dual. For non-separable spaces Y, any set S of finite Hausdorff dimension
is contained in a separable subspace Y’ C Y; therefore the distance function y +> dist(y, Y’) is
Lipschitz and nowhere differentiable on S.

We note here that for Lipschitz mappings whose codomain has dimension 2 or above, there
are many open questions. For example, while Rademacher’s Theorem still guarantees that for
every n > m > 2 the set of points where a Lipschitz mapping f : R” — R™ is not differentiable
has Lebesgue measure zero, the answer to the question of whether there are Lebesgue null sets in
R” containing a differentiability point of every Lipschitz f : R* — R™ is known only for m = 2.
The answer for n = m = 2 is negative; see [1]. The case n > m =2 is a topic of a forthcoming
paper [5] where the authors, building on methods developed in [11] in their study of differentia-
bility problems in infinite dimensional Banach spaces, construct null universal differentiability
sets for planar-valued Lipschitz functions.

No similar positive results are known in the case in which the dimension of the codomain
is at least 3. However, a partial result was obtained in [4] where it is proved that the union H
of all “rational hyperplanes” in R” has the property that for every ¢ > 0 and every Lipschitz
mapping f : R" — R"~! there is a point in H where the function f is e-Fréchet differentiable.
Unfortunately, this is a weaker notion, and the existence of points of e-Fréchet differentiability
does not imply the existence of points of full differentiability. See also [9,10], in which the notion
of e-Fréchet differentiability is studied with the emphasis on the infinite dimensional case.

It follows from the work of Preiss in [12] that Lebesgue null universal differentiability sets
exist in any Euclidean space of dimension at least 2. However there is a drawback in the con-
struction by Preiss: any set S covered by [12, Theorem 6.4] is dense in the whole space, and
simple refinements of the same approach are only capable of constructing universal differentia-
bility sets that are still dense in some non-empty open set. This can be explained as follows. The
proof in [12] makes essential use of the following sufficient condition for S to be a universal
differentiability set: S is G5 and for every x € S and ¢ > 0, there is a §-neighbourhood N of x,
for some § = §(e, x) > 0, such that for every line segment I C N, the set contains a large portion
of a path that approximates / to within ¢|/|. Fixing ¢ = 1/2 say, a simple application of the Baire
category theorem shows that one can choose §(1/2, x) uniformly over x € S N U # ¢, for some
open U. It quickly follows that S itself is dense in U. See also [6, Introduction] for a discussion
of this point.

In [7] we improve the result of [12, Corollary 6.5] by constructing, in every finite dimensional
space, a compact universal differentiability set that has Hausdorff dimension 1.
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The main result of the present paper is that every non-zero Banach space with separable
dual contains a closed and bounded universal differentiability set of Hausdorff dimension 1; see
Theorem 3.1, Remark 3.4, Lemma 3.5 and Theorem 3.10. The dimension 1 here is optimal;
see Lemma 2.1. The universal differentiability set need not contain any non-constant continuous
curves; in Theorem 3.10 we show that this set may in fact be chosen to be totally disconnected. In
the case in which Y is a finite dimensional space, this result implies the earlier result of [7]. Note
that compact subsets of infinite dimensional spaces cannot have the universal differentiability
property; indeed if S C Y is compact then one may even construct a Lipschitz convex function
f Y — R not Fréchet differentiable on S, for example

f(y) :=dist(y, convex hull(S)).

See also remark after Lemma 3.8.

The proof of Lemma 3.5 is based on Theorems 3.1 and 3.3, which rely on Sections 4, 5 and 6.
Section 6 gives details of the construction of the set. Section 5 explains the procedure for finding
the point with almost locally maximal directional derivative. Finally, Section 4 proves any such
point is a point of Fréchet differentiability.

Assume we have a closed set S and that we aim to prove S has the universal differentiability
property. We describe the details of the construction of S below; at the moment we just say S is
going to be defined using a Souslin-like operation on a family of closed “tubes”, that is closed
neighbourhoods of particular line segments. Consider an arbitrary Lipschitz function f : Y — R;
we would like to show f is Fréchet differentiable at some point of S. The strategy is to, in some
sense, almost locally maximise the directional derivative of f’; this is done in Theorem 3.2, from
within the constructed family of tubes. We then use the Differentiability Lemma 4.2, which gives
a sufficient condition for the Lipschitz function to be Fréchet differentiable at a point where it
has such an ‘almost locally maximal’ directional derivative.

In Section 4 we prove that if a Lipschitz function f has a directional derivative L at some point
y € S, and this derivative is almost locally maximal in the sense that for every &, every directional
derivative at any nearby point from S does not exceed L + ¢, then the Lipschitz function is in
fact Fréchet differentiable at the original point and the gradient is in the direction e of the almost
locally maximal directional derivative. The word any in the latter sentence needs in fact to be
replaced by a special condition (4.7); see Lemma 4.1 and Lemma 4.2. The proof is then based
on the idea that, assuming non-Fréchet differentiability, we can find a wedge—that is a specially
chosen union of two line segments—in which the growth of the function contradicts the mean
value theorem and the local maximality assumption.

In Section 5 we show how to find such point with ‘almost locally maximal’ directional deriva-
tive. The idea behind the proof is to take a sequence of pairs (y,,e,) with the directional
derivative g’(y,, e,;) being very close to the supremum over all directional derivatives g’(z, u)
with z close to y,—1 and (z, u) satisfying certain additional constraints—see Definition 5.2 and
inequality (5.7)—and to argue that the sequence (y,, €,) converges to a point-direction pair (y, e)
with the desired almost locally maximal directional derivative.

The optimisation method used in the present paper develops ideas from [12] and [6]. The new
idea that we use in this paper is that instead of looking at points y € Y, we define a bundle X
over Y, where X is a complete topological space and 7 : X — Y is a continuous mapping, and
locally maximise the directional derivative f/(7x,e) over x € X. This ensures that during the
optimisation iterative procedure we are not thrown to the boundary of the set; if 7(X) € S then
we are guaranteed that the point we obtain lies inside S.
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Another key aspect of the proof of our result is the new set theoretic construction; see The-
orem 3.3 and Section 6. First of all, we need to remark that the limit point to be obtained as a
result of optimisation procedure must not be a porosity point of the set—see the next section for
the definition and reasons. We achieve this by constructing a set in which, for every point x and
every ¢ > 0, sufficiently small §-neighbourhoods of x contain an ¢§-dense set of line segments.
The set is defined as an intersection of a countable collection (Ji(X))x>1 of closed sets. Each
Ji(}) is in its turn a countable union of “tubes”, which are closed neighbourhoods of particular
line segments. The construction of Ji(A) is inductive: around every tube in J; (1) with [ < k we
add a fine collection of tubes to Jx (1) and replace the original tube with a more narrow tube
around the same line segment.

As we are aiming for a final set of Hausdorff dimension 1, we need to ensure the widths of
the tubes in J (1) tend to 0 as k — co. More precisely, we fix upfront a G set O of Hausdorff
dimension 1 containing a dense set of straight line segments, and a nested collection of open sets
Oy, with intersection O. By constructing Jx (1) € Oy we thereby ensure that 7 = ) k>1 Jr (L)
has Hausdorff dimension at most 1, as required. As Ji () are closed sets, so then is 7j.

The parameter A € (0, 1) is used to change the widths of all tubes involved in tube sets Ji (A)
proportionally, multiplying by A. We then establish that if A; < A, are fixed and we pick an
arbitrary point y € Tj,, then for each & > 0 every sufficiently small §-neighbourhood of y has
an £d-dense set of line segments that are fully inside Tj,. In order to achieve this we first find
the level N after which, in the construction of tube sets Ji (1) we were choosing new tubes with
density finer than ¢ multiplied by the width of the tube on the previous level. Choose § to be
smaller than the width of a tube on the level N and set n > N to be the “critical” level on which
the width of the tube containing point x multiplied by A, — A1 for the first time becomes less than
8. Then the whole §-neighbourhood of x is guaranteed to be inside the tube sets J,,(A2), with
m < n—1.Form > n+ 1 we find that the new tubes go sw,,-densely around x, where w,, is
the width on the tube on level m. Since w;,, < ew,,—1 < €4 by construction, we find many tubes
g§-close to x on those subsequent levels. The problem that remains is that on the level n itself we
might not find an appropriate tube at all! We overcome this obstacle by slightly modifying the
definition of J()\) and taking it to be the union of tubes on a number of levels so that the “one
level shift” does not take us outside the tube set Ji (A).

There is extra problem in the infinite dimensional case however. Given a tube T of width
w in one of the tube sets J, in order to “kill” its porosity points and ensure sufficiently many
line segments in the final set, we add tubes w/Ny-densely to Ji1, where Ny — oo. The problem
that immediately arises in the infinite dimensional case is that there is no “minimal” width among
all tubes from Ji: since the Banach spaces we are working over are not locally compact, each
collection of tubes J; will have to be infinite, so that the infimum of the widths in J; may be
zero. Therefore we must add such approximating tubes only locally, in a small neighbourhood
of each tube from Jj. This forces the length of tubes close to any fixed point x € 7, to shrink
rapidly, and therefore the point x will not have a “safe” neighbourhood B, (x) in which the set
hits every ball Bejx—y|(y), i.e. we again get porosity at x.

To overcome this, a new approach is required; see Definition 6.4 and the proof of Lemma 6.6.
In brief, on constructing level k£ 4 1 approximation of tube 7" from Ji, we re-visit tubes con-
structed on each previous levels, 1 </ < k, that form a sequence of ancestors of 7. We approx-
imate each tube thus re-visited to level k 4+ 1 and include all new tubes in J;;—see Fig. 1.
Approximations of lower level tubes to level £ + 1 allows us to include longer tubes in Jiyi.
This makes it possible to find, for each x and ¢ > 0, the critical value §; > 0 such that 5-close to
x there are line segments of length &, for every § € (0, §1). As explained in the beginning of this
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Fig. 1. We show here a horizontal tube 77 of level 1, vertical tubes of level 2 that approximate points from 77 and
“diagonal” tubes of level 3 that approximate points from tubes of level 2 and points from 77.

section, this property turns out to be sufficient for the set to have the universal differentiability
property.

Theorem 3.3 is stated using more general terms than line segments and tubes; we prove the
statement for a general class (K, ),cr of compact subsets of an arbitrary metric space (Y, d).

Finally, to get a totally disconnected universal differentiability set, we need to get rid of all
these straight line segments that we have included in order to be able to prove the differentia-
bility property inside the set 7 defined above. For this, we intersect 7) with a union of parallel
hyperplanes obtained as a preimage of a totally disconnected subset of R under a continuous
linear functional. To have this intersection totally disconnected it is enough to ensure that the
containing G set has this intersection totally disconnected. To show that the intersection of T
with the union of hyperplanes has the universal differentiability property we prove that for every
Lipschitz function, its differentiability points inside 7) form a very dense subset, and then choose
the hyperplanes densely enough. See Theorems 3.1 and 3.10 for details.

2. Definitions and notations

In this paper we shall be working with real-valued functions defined on a real Banach space
Y with separable dual. If a function f : E — R is defined on a subset E of a Banach space Y
we say f is locally Lipschitz on its domain E if for every x € E there exist r >0 and L > 0
such that | f(y") — f(y)| < L|ly — y'|| for all y, y' € E N B,(x); the smallest such constant L is
called the Lipschitz constant of f in B, (x) and is denoted Lip(f|p, (x))- A function f : Y — Ris
simply called Lipschitz if there is a common Lipschitz constant L < oo for which the Lipschitz
condition is satisfied for any pair of points y, y’ € Y. The smallest such constant L > 0 is then
called the Lipschitz constant of f and is denoted by Lip( f).

Forany f:Y — Rand y, e € Y, we define the directional derivative of f in the direction e as

7'y, ¢) = lim f+te)— f(») @0
t—0 t
if the limit exists. If, for a fixed y € Y, the formula (2.1) defines an element of Y*, we say f is
Gateaux differentiable at y. Finally, if f is Gateaux differentiable at y and the convergence in
(2.1) is uniform for e in the unit sphere S(Y) of Y, we say that f is Fréchet differentiable at y
and call f/(y) the Fréchet derivative of f, where f/(y)e= f'(y,e) foralleec Y.

The main focus of the present paper is on universal differentiability sets (UDS), those subsets
of a Banach space Y that contain points of Fréchet differentiability of every Lipschitz function
f:Y—>R.

Recall a subset P of Y is called porous if there is a ¢ > 0 such that for every y € P and every
r > 0 there exist p < r and y’ € B,(y) such that B.,(y') N P = . It is easy to see that any
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porous set is not a UDS since the distance function f(x) =infyep ||x — y|| is 1-Lipschitz and is
not Fréchet differentiable at any point of P, provided P is porous; [15]. It turns out that the same
is true for any o -porous set P, that is any set that is a countable union of porous sets; see [3].

The existence, in Euclidean spaces, of a non-o-porous set without porosity points and with
a null closure was first shown in [14]; see also [16,17]. The set we are constructing will, in the
finite dimensional case, be a compact null non-o-porous. In fact, the construction implies that
this null set has a universal differentiability subset without porosity points.

We shall be interested in the Hausdorff dimension of the universal differentiability sets we
shall construct. Recall, fors >0and ACY

H5(A) = liminf{ > diam(E;)* where A €| J E;, diam(E;) < 3},
810 i i

defines the s-dimensional Hausdorff measure of A, and
dim s (A) = inf{s > 0 such that #”° (A) = 0}
the Hausdorff dimension of A.

Let (M, | - ||) be a normed space. We call the set #j; := M? of triples from M the wedge
space of M and we define a metric on #); by

/ _ /_ )
d(r.1) = max |/ — 1|

’

where t = (11,12, 13) and t' = (1], 1}, ;). Of course the distance d depends on the norm chosen
on M.

Given t € #}y, we call the union of segments W (t) = [t, ] U [f2, 13] a wedge. Note that
triples (#1, 12, t3) and (#3, t2, #1) correspond to the same wedge for any #1, 1,13 € M.

For @ > 0 and subsets S1, S» C M we say S is an «-wedge approximation for S in norm || - ||
if for any 1 € #); with W () C S5, there exists ' € #)y with W (') C S| and d(¢', 1) < a. When
it is clear which norm on M is considered we shall just say that Sy is an a-wedge approximation
for S5.

We shall also consider a more general construction when the collection of wedges is replaced
by a general family of compact subsets of M, which may now be considered a general metric
space. We shall at times make use of the Hausdorff distance between two such compact sets:

A (K1, Ky) =inf{r >0: K| € B,(K>) and K € B, (K1) }.

Here we use B, (A) to denote the closed r-neighbourhood of A € M; we shall also use B, (A) to
denote an open r-neighbourhood of A € M.
As a simple observation we note that if M is a normed space and t, 1’ € #) then we have

A(W(), W) <d(r,1).
In order to construct a UDS we first define a G5 set O containing a dense set of arbitrarily

small wedges and then define a subset S of O as described in Section 1. For an arbitrary Lipschitz
function we then apply our optimisation method to S; see Section 5. We remark that any G5 set
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is a complete topological space; this lets us conclude that the differentiability point, which we
find as a limit point of the iterative construction, belongs to the set S.

As we have already mentioned in Section 1, any UDS has Hausdorff dimension at least 1. We
prove this result in the next lemma.

Lemma 2.1. Let Y be a non-zero Banach space and S C Y a universal differentiability set. Then
the Hausdorff dimension of S is at least 1.

Proof. Assume dim_y(S) < 1. Fix any nonzero P € Y* and e¢ € Y with P(e) = 1. The Haus-
dorff dimension of P (S) is strictly less than 1, and therefore P(S) has Lebesgue measure 0. Let
g : R — R be a Lipschitz function that is not differentiable at any y € P(S). Then f :=
go P:Y — Ris a Lipschitz function that is not differentiable at any x € S, as the directional
derivative f’(y, e) does notexistfory € S. O

3. Main results
We begin this section with the statement of a criterion for universal differentiability.

Theorem 3.1. Let (M, d) be a non-empty complete metric space, (Y, | - ||) be a Banach space
with separable dual and 7w : M — Y a continuous mapping.

Suppose that for every n > 0 and x € M and every open neighbourhood N (x) of x in M
there exists §o = o(x, N(x), n) > 0 such that, for any § € (0, 8o) the set w(N(x)) is a dn-wedge
approximation for Bs(m(x)).

Then (M) is a universal differentiability set and, moreover, for every Lipschitz function
g:Y —> Rtheset Dy ={y € m(M): g is Fréchet differentiable at y} is dense in 7w (M). Further-
more, if y e t(M), r > 0and P : Y — R is a non-zero continuous linear map then there exists a
finite open interval I = I,(y) with Py € I and

w(I\ P(DgN B (y))) =0,
where wu denotes the Lebesgue measure.

To prove Theorem 3.1, we need to find points of Fréchet differentiability in 7w (M) for every
Lipschitz function defined on Y. To accomplish this, we first apply the next theorem, Theo-
rem 3.2, to obtain a point with almost locally maximal directional derivative, and then use
Differentiability Lemma 4.2 to show that the function is in fact Fréchet differentiable at this
point.

Theorem 3.2. Let (M,d) be a non-empty complete metric space, (Y, | - |) a Banach space,
7w : M — Y a continuous map and O : (0, 0c0) — (0, 00) a real-valued function with ©(t) — 0
ast — 0. Assume g : Y — R is a Lipschitz function and

(xp,e0) € D = {(x, e)eM x (Y \ {0}) such that g’ (mx, e) exists}

is such that ||eg|| = 1 and g’ (7w x¢, eg) > 0.
Then one can define
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(1) a Lipschitz function f : Y — R by
f =g +2Lip(g)es. 3.1

where e € Y™ is a linear functional such that ||ej | (v,.* = ej(eo) = 1,
(2) anorm || -|"on Y, with |y < IyI" <2yl forall y €Y, and
(3) a pair (x,e) € D with ||| =1

such that f'(nx,¢) > f'(7wxg, eg) and the directional derivative f' (7 X, €) is almost locally max-
imal in the following sense. For any ¢ > 0 there exists an open neighbourhood N, of X in M such
that whenever (x', e’) € D with

(1) x’ € Ng, €)' =1 and
(i) foranyt e R

|(f(mx' +18) — f(rx")) = (f(xX +18) — f(5))]
SO(f'(mx',e) = f'(wx,0)ltl, (3.2)

then we have f'(wx’,e') < f'(nX,e) +¢.
Moreover, if the original norm || - || is Fréchet differentiable on Y \ {0} then the norm || - |
can be chosen with this property too.

We prove Theorem 3.2 at the end of Section 5. We will now use its conclusion to prove
Theorem 3.1.

Proof of Theorem 3.1. Without loss of generality we may assume that the norm || - || is Fréchet
differentiable on Y \ {0}, by [2,3], since passing to an equivalent norm keeps the §n-wedge
approximation condition and does not change the differentiability property.

Taking arbitrary x € M and No(x) = M we get that the wedge approximation property
of w(Np(x)) implies that w (M) contains a non-degenerate straight line segment L C Y. As any
Lipschitz function g : Y — R is differentiable at some point p € L in the direction of L, the set

D :={(x,e) € M x (Y \ {0}) such that g’ (7 x, e) exists}

is non-empty.

Without loss of generality we may assume that the Lipschitz constant of g is equal to 1. Pick-
ing an arbitrary (xg, eg) € D and @ (s) = 254/3s, we see that all the conditions of Theorem 3.2
are satisfied if we rescale eg in order to have | eg|| = 1 and replace ep with —eq if necessary so
as to have g’(mxo, eg) > 0. Let the Lipschitz function f : Y — R, the norm || - | on Y, the pair
(x,e) € D and, for each ¢ > 0, the open neighbourhood N, of X € M be given by the conclusion
of Theorem 3.2. Note that f' (%, ) > f'(mwxo, ep), Lip(f) < 3, we may take || - ||’ to be Fréchet
differentiable on Y \ {0} and that

lzll < llzll” < 2z 3.3)

forall z € Y, so that ||¢|| < |le]' = 1.
We claim that y = X is a point of Fréchet differentiability of f.
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Since the two norms || - ||, || - ||” are equivalent, it suffices to verify the conditions of Lemma 4.2
for (Y, - |I'), applied to the Lipschitz function f, L =3 and the pair (7, ¢) = (X, €). To ac-
complish this, we let ¢, 6 > 0 and show that F, = w(N,) and §, = §p(x, N¢, 0/2) are such that
(1) and (2) of Lemma 4.2 hold, with the norm || - || replaced by || - ||'.

Suppose 8 € (0, 8,), |lyi — ¥|I" < 8 fori = 1,2, 3. Then from (3.3) we have | y; — y|| < § for
i =1,2,3 as well. Now using that F, = 7 (N;) is a §0 /2-wedge approximation for Bs(y) in || - ||
and the inequality (3.3), we get that F, is a §6-wedge approximation for Bs(¥) in norm || - ||'.
This verifies condition (1) of Lemma 4.2.

For condition (2) we note that if y' € Fg, ||¢/||' =1 and

((F( +18) = () = (FG+10) = £ ()]
<25\/(F1(y.€) — /G D)L -1t

for all t € R, then as F, = w(N,) we may write y' = wx’ where x’ € N.. As L =3 and 2(s) =
25+/3s, the conditions (i) and (ii) of Theorem 3.2 are satisfied, so we deduce that f'(wx’, ¢’) <
fl(mx,8)+e.

As all the conditions of Lemma 4.2 are satisfied we deduce that f is Fréchet differentiable at
y=nXx en(M). As f — g is linear, we conclude g is also Fréchet differentiable at y € w (M).
Hence 7 (M) is indeed a universal differentiability set in Y.

Note moreover we have proved slightly more: namely, if M is any non-empty complete metric
space satisfying the wedge approximation property as in the conditions of present theorem, then
for any Lipschitz g : ¥ — R and an arbitrary pair (xg, eg) € M x (Y \ {0}) such that |eg] =1
and g’ (7 xg, eg) > 0, there is a Lipschitz function f : Y — R defined according to (3.1) and a
pair (¥,e) € M x (Y \ {0}) such that ||&|| < 1, g is Fréchet differentiable at 7% and f/(7 X, e) >
f'(wxo, o).

To verify the density of the set

Dy ={y e m(M): g is Fréchet differentiable at y}

in w (M), it suffices to note that if y = mx € (M) and ¢ > 0, we may pick a non-empty open set
N C M such that 7 (N) C B¢ (y). Then as the restriction bundle 7 | : N — Y satisfies the condi-
tions of the present theorem, any Lipschitz g : ¥ — R contains a point of Fréchet differentiability
in 7(N) € (M) N Be(y).

We now check the last observation of the theorem. We may assume || P|| =1.Let y =m(x) €
(M) and §g = So(x, M, 1), where n € (0, 1/12). Choose also a vector e; € Y such that Pe; = 1.
Fix any § € (0, min{r/2, §o}) and find a line segment Ly € w (M) that is an né-wedge approxi-
mation for L = [y — dey, y + Sep]. It is easy to see that Lo € B, (y) and

P(Lo) 21 =(Py—(1=m8s, Py+(1-m3).

Let Lo = [z0, zo + loeo] with |leg]l = 1. As g is Lipschitz, the directional derivative g’(z, eg)
exists for almost all points z € L. We note that the set D, is a F5-set:

De=( U M rer: s+ —g0) -1y @] <ltl/n},
nzl y*eA |z||I<1
§5e€Q t|<d
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where A is a countable dense subset of the unit ball of Y*. Therefore the image P(Dg N B, (y)),
being a projection of a Borel subset of a Polish space, is an analytic subset of R and therefore
Lebesgue measurable.

Suppose then that the Lebesgue measure w(I \ P(D; N By(y))) is strictly positive. There
exists a non-constant everywhere differentiable Lipschitz function 4 : I — R such that #’ =0
on P(Dg N Br(y)) N 1. This implies there exists yg € Lo such that s = Pyg € I, the directional
derivative g’(yo, eo) exists and h’(s) # 0. By scaling / if necessary we may assume A'(s) = 1.
Let G = g 4+ 3h o P. This is a Lipschitz function defined on Y, and such that the directional
derivative G’ (yy, eg) exists; moreover, G’ (yg, eg) = g’ (30, €g) + 3P (ep). Note that the vectors
lpeg and 28e1 which define the line segments Lo and L1 have their start and end points n§-close
to each other. Therefore

1 1
lleo —e1ll = %Il%eo —28e1ll < (128 — lol - lleoll + Illpeo — 28e11l) <21 < 5

1

28
Using Lip(g) = 1, Pe; = 1 and || P|| = 1 we conclude G'(yo, e0) > 3/2.

Let M =n~! (LoNP~ (I)). Note that Misa Gs-setand M C M.As Yo € n(M) we conclude
there is an xg € M such that Yo = T X0.

Then, using the more general statement we have proved for the first part of the theorem for
M instead of M and G instead of g, we conclude that there is a Lipschitz function F : ¥ — R
defined according to (3.1), F = G + 2Lip(G)eg, where |lej|| = ej(ep) = 1, and a pair (X, €) €
M x (Y \ {0}) such that ||¢|| < 1, G is Fréchet differentiable at 7 and F' (7%, &) > F' (7 x0, €o).
Then y =X € Lo C B,(y) is a point of Fréchet differentiability of G and

G'(3,8) — G'(yo, e0) = F'(3, &) — F' (0, e0) + 2Lip(G)ej(eo — &)
> F/(j;vé) _F/(y()veo) 20

as efj(eg) = 1 and ejj(¢) < |le|| < 1. Together with G’ (yo, eg) > 3/2 we conclude G'(7, €) > 3/2.

However, since G is Fréchet differentiable at y, so is g, and therefore y € Dy N B, (y). As we
also have y = nx € 7r(M) we conclude Py € P(Dy N B.(y)) N I; hence G’ (y e)=g'(y,e),
a contradiction to G’ (¥, &) > 3/2 as a directional derivative of a 1-Lipschitz function g cannot
exceed 1. O

Together with the following statement, Theorem 3.1 implies the existence of a closed universal
differentiability set; see Lemma 3.5.

Theorem 3.3. Let (Y, d) be a metric space and let (K;),cr be a collection of non-empty com-
pact subsets of Y indexed by a non-empty metric space (R, y) such that the Hausdorff distance
FC(Ky, Ky) is bounded from above by y (r, s) for every r,s € R. Assume O is a G subset of Y
such that O contains a y-dense subset of the family (K, ),ecg and K, C O is one of these com-
pacts. Assume further that there exist p > 0 and g9 > 0 such that for every ¢ € (0, &9) we can
find a set of indices R(¢) C R such that

e forevery s € R there existst € R(e) with y(t,s) <¢,
e for every subset S of Y of diameter at most pe the set (3.4)
{r € R(e): SN K, # 0} is finite.
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Then there exists a nested collection of closed non-empty subsets (T))ogig1 of O—Ty € Ty,
whenever 0 < A’ < A < 1—each containing K, that satisfies the following. For each n > 0,
re(0,1]andy e Uog)\kx T, there exists 61 = 81(n, A, y) > 0 such that if § € (0,81) and s € R

with Ky C Eg(y) there exists t € R such that K; C T and y (t,s) < né.
We prove Theorem 3.3 in Section 6.

Remark 3.4. Let now R = Y3 be the wedge space on Y, and for each triple r = (y1, y2, y3) € R
define K, = W(r) = [y1, 2] U [, y3] to be the corresponding wedge. If we further let
y (K, Ky) be equal to the standard wedge distance, y (K, K;) =d(W(r), W(s)), the conclusion
of Theorem 3.3 is: there exists 61 > 0 such thatif § € (0, §1) then T, is a nd-wedge approximation
for Bs(y). In Lemma 3.5 we show that this property implies that T; are universal differentiability
sets. We will later easily get that 7) has Hausdorff dimension 1 by taking the containing Gs-set
O of Hausdorff dimension 1. See Lemma 3.9 for the list of properties that we require O to satisfy
for this.

However, in order to get the conclusion of Theorem 3.3, one needs to verify condition (3.4).
In the case in which Y is a finite dimensional space, it is easy to see that since balls in Y are
totally bounded sets, R = Y3 satisfies the required condition. In case Y is an infinite dimensional
space, we prove this property in Lemma 3.6.

Lemma 3.5. Let Y be a Banach space with separable dual and (W ,d) = (#y, d) be the wedge
space equipped with the standard wedge distance. Suppose O is a Gg subset of Y containing
W(t) for t belonging to a d-dense subset of W, and the nested collection (T))o<i<1 of non-
empty closed subsets of Y, Tyy C Ty, for 0 < A < A < 1, satisfies the condition that for each
n>0,1e(0,1]and ye Uogx/d Ty, there is a §1 = 61(n, A, y) > 0 such that for all § € (0, §1)
the set T, is a né-wedge approximation for Bs(y).

Then for each A € (0, 1] the set T, is a closed universal differentiability set. Furthermore,
for any Lipschitz function g : Y — R, any x € Tyy, 0< A < A < 1, r > 0 and any non-zero
continuous linear map P : Y — R there exists a finite open interval 1 = I,(x) with Px € I and

w(I\ P(T5.N Dg r(x))) =0,

where Dy r(x) is the set of points of Fréchet differentiability of g in the r-neighbourhood of x
and w denotes the Lebesgue measure.

Proof. For every A € (0, 1], define a subset of (0,A) x ¥
X, = {(r, y): 0 <t <Aandy e Ty forevery v/ € (, 1)}. 3.5)

Note that if T € (0, 1) we have X, D {t} x T, so X, # ; and for every (t, y) € X, we neces-
sarily have y € T;. Moreover, if we let A denote a complete metric on (0, 1), then

d((7",y), @)= A o) + [y~

makes X, a complete metric space, since 7;, is closed.
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We now check that the conditions of Theorem 3.1 are satisfied for M = X, and n(z,y) =y.
Assume we are given n € (0, 1), a point x = (7, y) € X, and its open neighbourhood N (x).
Without loss of generality we may assume there is ¢ > 0 such that

Nx)={(r".y)eXu: A(r',t) <y and ||y — y|| <v}.

Then fixing ©’ € (7, 1) such that A(z’, t) < ¢ we get (N (x)) 2 By (y) N Ty. Define now
80(x, N(x),n) =min{81(n, t’, y), ¥/2} and assume § € (0, §). Since Ty’ is a §n-wedge approx-
imation for Bs(y) and 8 + én < 28 < y, we conclude that Ty, and therefore 7 (N (x)) as well is
a 8n-wedge approximation for Bs(x).

The conclusion of Theorem 3.1 says that 7(X,) is a universal differentiability set. Since
7 (X,) € T, we conclude T is a universal differentiability set, for every A € (0, 1].

Moreover, if x € Ty and 0 < A’ < A <1 we conclude (\/,x) € X, (if A’ =0 then find
A" € (0,1) and get x € Ty» so (A", x) € X;). Then the final part of the lemma follows from
the conclusion of Theorem 3.1. O

Lemma 3.6 shows that most natural choices of (R, y) in Y, an infinite dimensional separable
Banach space, satisfy the conditions of Theorem 3.3 with p = 1/4; in particular the condi-
tions are satisfied whenever the collection (K,),ecg of compacts is translation invariant, with
y(Kr,x + K,) < |lx]||.

Lemma 3.6. Suppose (Y, || - ||) is an infinite dimensional Banach space, (R, y) is separable and
has the property that whenever r € R and x € Y then Ky = x + K, for some s € R with

1
y(s,r) < 4—IIXII- (3.6)
0

Then for every ¢ > O there exists a set R(¢) € R such that

(1) forallr € R there exists s € R(¢) with y(s,r) <¢,
(2) ifr, s are distinct elements of R(¢) then dist(K,, K;) > pe,

where for compact K, K' C Y, we define
dist(K, K/) :inf{”k/ —k“ whereke K, k' € K’}.
We establish the lemma in a few short steps.

Lemma 3.7. If Y is an infinite dimensional Banach space and K C Y is compact then for every
& > 0 there exists y € Y with ||y|| = ¢ and dist(y, K) > ¢/3.

Proof. It is well known that one may find an infinite collection (ej,),cn in Y with |e,|| =1
and |le, — el = 1 for m # n. Assuming, for a contradiction, that we cannot find n with
dist(ee,, K) > €/3 then we can pick k, € K, for each n with ||k, — ee,,|| < /3. It then fol-
lows that ||k, — k;, || = /3 for all m # n, contradicting the compactness of K. O
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Lemma 3.8. If Y is an infinite dimensional Banach space and (K, ), >1 are compact subsets of Y
then for any ¢ > 0 we can find y, € Y with ||y, || = ¢ for each n > 1 such that K, := y, + K,
satisfy dist(K,, K;,) > /3 for n #m.

Proof. Suppose n > 1 and we have chosen (ym)1<m<n such that dist(K,, Kl’) >¢g/3for1 <l <
m < n. It suffices to pick y, such that dist(K,,, K,,) > ¢/3 for 1 <m <n.
The difference set

K =K, — U K, ={k — k' where k € K,,, k' € K,, for some m < n}

1<m<n

is compact so that we may find y € Y with ||y|| = ¢ and dist(y, K) > ¢/3, using Lemma 3.7.
Then dist(0, —y + K) > ¢/3 so that, choosing y, = —y,

dist(0. K, — | J k;,)>e/3. O

1<m<n

Proof of Lemma 3.6. We may assume R # §. Let (r,),>1 be a dense sequence in R.
By Lemma 3.8 we can find y, € Y with ||y,|| = 3pe such that K| := y, + K,, satisfy
dist(K,, K;,) > pe for n #m. Now we may pick r, with K,» =y, + K,, = K, and

1 3
y(rr/prn) < %HYW” = ZS

using (3.6). Setting R(e) = {r,, where n € N} we are done. O

Conclusion. We summarise what we have shown and add some further observations. First note,
Lemma 3.7 implies that any compact set in an infinite dimensional space is porous. Now, as any
porous set is not a UDS, it follows that a UDS cannot be compact in infinite dimensional spaces.

On the other hand, we now show that inside any non-empty open set in Y we can find a closed
universal differentiability set of Hausdorff dimension 1 which does not contain any continuous
curves: this set can be chosen to be totally disconnected.

Lemma 3.9. Let Y be a non-zero separable Banach space and (W ,d) = (#y,d) be the wedge
space on'Y equipped with the standard wedge distance. Then given any ¢ € Y* \ {0} there exists
a G subset O of Y of Hausdorff dimension 1 such that O contains the wedges W(t) for t
belonging to a d-dense subset of # and the intersection O N (y + ker @) is totally disconnected
foranyyeY.

Proof. Let 7 C # be a d-dense countable subset. Note that

W1 ={1. y2.y3) € #o: o(y1) # @(y2) and @(y2) # ¢(y3) }

is then also d-dense in 7.
As Uzer W (t) is a countable union of line segments we can cover it, for each n, by O], =
U1 Ba-mmin (L), where U, 1 Lm = U, e, W (¢) and each L, has length less than or equal
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to 1. Note that this implies that the Hausdorff dimension of the Gs-set O’ = ﬂ,@l 0, is less
than or equal to 1. Indeed, for any s > 1 we have

B ‘ s 1
A (0)) < 2>:lzm+n(2.z ey Gy T
mz

and so .7 (0’) = 0. On the other hand, the Hausdorff dimension of O’ cannot be less than 1 as
it contains non-trivial line segments.

We thus found a G5 set O’ of Hausdorff dimension 1 such that W(¢) € O’ for all t € #. Let
further {rV, @ .} be an enumeration of 7.

Let L = yg+Re be a line through one of the sides of a wedge W (t) where t € #) and |le| = 1.
Let a > 0. Then, for any y € Y, the diameter of any connected component of the intersection
of B,(L) with hyperplane y + ker¢ does not exceed 2a(l + ||¢||/|¢(e)|). Therefore if we let
the countable set (eq;,e2,);>1 be the pairs of unit directions of sides of all wedges W),
i > 1, then for any y € Y each connected component of the intersection of the open set O, =
Ui>1 By, (W& D)) with y + ker ¢ has diameter less than 1/n, whenever

| . lel
0<ei< 1/<n2 (1 + min{|p(eq,;)], |<P(€2,i)|}>).

Thus the conclusion of the lemma is satisfied for O = 0'N(),5; O,. O

Theorem 3.10. Let Y be a Banach space with separable dual. Then for every open set U C Y
there is a closed set S C U of Hausdorff dimension 1 such that every locally Lipschitz function
f defined on a domain containing U has a point of Fréchet differentiability inside S. Moreover,
the set S may be chosen to be in addition totally disconnected so that it contains no non-constant
continuous curves.

Proof. Fix any non-zero continuous linear map P : ¥ — R. Let O be a G5 subset of Y satisfying
Lemma 3.9 for the wedge space (%, d) = (#y, d) equipped with the standard wedge distance,
and ¢ = P. By Remark 3.4 and Lemma 3.6 we can apply Theorem 3.3 in order to get a nested
sequence of closed sets T3 C O satisfying the hypothesis of Lemma 3.5.

Fix yo € T), for some A € [0, 1). Let Ag € (A, 1] and ro > O be such that B, (yo) S U.

Let C C [0, 1] be a closed totally disconnected set of positive measure, such that every neigh-
bourhood of any of its points intersects C by a set of positive measure. An example of such set
could be a Cantor set of positive measure.

Let Cg be a shift of C such that Pyy € Cy. Consider a set

S = P~1(Co) N T3y N Bryy2(30).

We clearly have ygp € § € Ero/z(yo) C U. Note further that as P~1(Co) N O is totally dis-
connected for every ¢ € Co, and Cp is totally disconnected by itself, the set S set is totally
disconnected. It is also clear S is closed and dim (S) < 1 as dim»(0O)=1and SC O. It
remains to verify that every locally Lipschitz function defined on a domain containing U has a
point of differentiability in S. By Lemma 2.1 this would also imply dim y»(S) = 1.

Let f: U’ — R be alocally Lipschitz function with domain U’ containing U. Let r; € (0, rg)
be such that the restriction of f to B, (yo) is Lipschitz. Then for the restriction f| By, (30)
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there exists a Lipschitz extension f to the whole space Y; one can take for example f x) =
infyep, () (f () + Llly — xI), where L > Lip(f|s,, (y))-

Let D 7 be the set of points of Fréchet differentiability of f inside T),. By Lemma 3.5 there
exists a finite open interval I = I ];(yo) > Py such that almost every point in / belongs to P(S1N
D), where S = T;, N By, 2(30).

Since Pyg € Cp, we can find a nearby point that belongs to Co N P(S1 N D ];). This means
P’l(Co) intersects S1 N Df~. As f coincides with f on By, 2(yo) and Df~ C T, we conclude
there is a point of Fréchet differentiability of f that belongs to P~'(Co) N S; € P~ 1(Co)N T,N

Byyp(yo)=S. O
4. Differentiability
We start this section by quoting [6, Lemma 4.2]:
Lemma 4.1. Let (Y, || - ||) be a Banach space, f : Y — R be a Lipschitz function with Lipschitz

constant Lip(f) > 0 and let € € (0, Lip(f)/9). Suppose y € Y, e € S(Y) and s > 0 are such that
the directional derivative f'(y, e) exists, is non-negative and

2
£
te) — —f HH——|t 4.1
|f(y+1e) = fF(») = (v, o)t oL (4.1)
for |t] < 54/ w Suppose further & € (—s/2,s/2) and A € Y satisfy
|f+21) = f(y+§e)| >240ss, 4.2)
£
A —&el <s . |——F, and (4.3)
Lip(f)
Irset Ml iy & (44)
|rs + &| 4Lip(f)
form ==1. Then if sy, 52, ) € Y are such that
<& 4.5
max(||s1 —sell, IIs2 —59“) X WS 4.5)
and
= - (4.6)

M < —————.
16 Lip(f)

we can find y' € [y —s1,y +XM1U[y + A,y + s3] and €' € S(Y) such that the directional
derivative f'(y', e') exists, f'(y',e¢') > f'(y,e) + ¢ and for all t € R we have

[(f (' +1e) = F() = (fy+10) = fFD)]
<25,/(f(y'.¢') — £'(y.0) Lip(f)l]. @.7)
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Our next lemma is crucial for the proof of Theorem 3.1 and enables us to demonstrate the
universal differentiability property of the set by finding a point y with almost maximal directional
derivative and a family of sets around y with wedge approximation for arbitrarily small balls
around y. See the definition of wedge approximation in Section 2.

Lemma 4.2 (Differentiability Lemma). Let (Y, | - ||) be a Banach space such that the norm | - ||
is Fréchet differentiable on Y \ {0}. Let f : Y — R be a Lipschitz function and (y,e) € Y x S(Y)
be such that the directional derivative f'(y, e) exists and is nonnegative. Suppose that there is a
family of sets {F; C Y: ¢ > 0} such that

(1) whenever g,0 > 0 there exists 8, = 6+(¢,0) > 0 such that for any § € (0, 8) the set F¢ is a
86-wedge approximation for Bs(y), and

(2) whenever (y',e') € Fe x S(Y) is such that the directional derivative f(y',e') exists,
'O, €)= f(y,e) and for any t € R (4.7) is satisfied, i.e.

[(f(' +1e) = f(¥) = (f+1e) = FOD)]
<25/(f(.¢) — f(y. ) Lip(f)ll.

then f'(y',e') < f'(y,e) +e.
Then f is Fréchet differentiable at y.

Proof. We may assume Lip(f) = 1. Let ¢* be the Fréchet derivative of the norm || - || at e. We
shall prove that f is Fréchet differentiable at y and that f’(y) is given by the formula

@) = f'(y, e)e*(u).
Note that ||e*|| = 1 and e*(e) = 1. Fix an arbitrary n € (0, 1/3). Choose A € (0, n) such that
[lle +thll — llell — te* ()| < nlt| (4.8)

for any ||4]| < 1 and |#| < A.
Lete =nA and 6 = > A2 /320. We know that the directional derivative f'(y, e) exists so that
we may pick p € (0, 8«(e, 6)) such that whenever [t| < p,

nzAZ
lf+te)— fO) — f.et] < TR (4.9)
Lets = ;—sz«/An. We plan to show that
|f O +ru)— ) — f(y, e)e*wr| < 5000nr (4.10)

for any |lu|| < 1 and r € (0, §). This will imply the differentiability of f at y.
Assume for a contradiction, that there exist r € (0,§) and || < 1 such that the inequality
(4.10) does not hold:

|[f(y+ru)— f) — £ (v, e)e*w)r| > 5000nr. 4.11)
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Define
s=16r/A, A=ru and & =re*(u).

We check now that all the conditions of Lemma 4.1 are satisfied with ¢, s, £, A defined as above.
First of all, e = nA < 1/9 and condition (4.1) follows from (4.9) as £2 = n? A and s/2/¢ =
16+/2r /(A < 328/(ANA) =
Next we check |£] < s/2 and condltlon (4.2). Indeed, [£] <r <r/A =5/16 < 5/2. More-
over, r < 8 < p, so that we may apply (4.9) with ¢+ = &. Combining this with (4.11) we verify
condition (4.2):

| F(r+ru) = f(y +Ee)| = 5000nr — nr—|e ()]
> 240 - 16nr = 240s An = 240se.

Note that ||A — &e| = r|lu — e*(w)e|| < 2r < 16r/n/A = s./¢; this establishes condi-
tion (4.3).

Finally, for ¥ = £1 we have |7s + &| > 5/2; thus

wse + A r—Ee
- —e| = <——A/4
s+ & s+ & s/2
and so applying (4.8) for h = (:;;_ig)/t we get
Tse+ A —&e
+ nlt|.
s+ & +$

Note that e*(is__fg) =0as e*(A) =re*(u) =& = e*(£e) and hence (4.4):

TS M A=t e/4
< = e/4.
s+ & 7
Define u; = —e, up = e and u3 = (r/s)u. Note that r/s = A/16 < 1; thus all vectors

ui, uy, u3 are in the unit ball. We also have s < 16§/A = %p«/An < p < 8«(An, A2n2/320) =
8+(g,8), and therefore as F; is an s0-wedge approximation for B(y), we can find u, u}, u}
such that [[u} —u;|| <6 = A%p?/320 fori =1,2,3 and

[y=si,y+2]Uly+1,y+s5] CF.,
where 51 = —sul, sy = su2 and A = sug We then have ||s; — se|| = s||u —ui| < Aznzs/SZO
fori =1,2and A" — Al = [lsuy — rull = s|luy — u3]| < A%n*s/320 < Ans/16, which verifies

(4.5) and (4.6).
Therefore all conditions of Lemma 4.1 are satisfied; hence we may find

yely—siy+A]Uly+r.y+s]CF
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and a direction ¢’ € S(Y) such that the directional derivative f(y’, ¢’) exists, satisfies f/(y’, ¢’) >
f'(v,e)+¢ and for all t € R the inequality (4.7) holds. But for every pair (y’, ¢’) from F x S(Y)
that satisfies (4.7) we have f'(y’,¢’) < f’(y, e) + ¢, a contradiction. Hence for every r € (0, §)
and |lu] <1, (4.10) is satisfied. O

5. Optimisation

In this section we prove Theorem 3.2. It describes how, given a Lipschitz function g on a
Banach space Y and a bundle 7 : M — Y, where (M, d) is a complete metric space and 7 is
continuous, one finds a point X € M and direction e in the unit sphere of ¥ with almost locally
maximal directional derivative.

We describe how to choose the desired sequence of pairs

(X, en)n>0 S M x S(Y)

as an inductive procedure. While convergence of (x;),>0 simply follows from the fact that x,, 1
is chosen very close to x,, we shall need additional work in order to obtain the convergence
of e,,. For this, we change the norm on each step; see (5.5) and Lemma 5.4. We then argue in
Section 5.5 that the sequence of norms defined in (5.5) converges to the norm | - ||” specified in
Theorem 3.2.

Suppose the assumptions of Theorem 3.2 are satisfied. We thus have a Lipschitz function g
acting on a Banach space Y such that the set

D= {(x, e)eM x (Y \ {O}): the directional derivative g’(7x, €) exists}

is not empty. Assume without loss of generality that Lip(g) = 1/3.
Recall [legl| = 1 and g’(mx0, ep) > 0. Choose e € Y* with ej(eg) =1 and |lej|l = 1, and
define

2
f=g+3¢ (5.1)

so that item (1) of Theorem 3.2 is satisfied. Note that f is a Lipschitz function with Lip(f) <
Lip(g) + % =1, As f — g is linear, the set D is precisely the set of all (x,e) e M x (Y \ {0})
such that f’(mx, e) exists. We can make immediately a very simple observation: if /' (7 xg, €g) <
f/(mx, e) then

/ 2 / 2 *
g (mxo, €0) + 3 <g(mx,e)+ geo(e),
so that
* 3 /
ep(e) > 1— Eg (rx,e) > . (5.2)

Note that for any Lipschitz function f : Y — R with Lip(f) < 1 and x,x’ € M, e € Y with
lle]] <1, we have

|(f(wx' +1te) — f(mx')) = (flrx +1te) — f(x))| < 20t;

therefore, we may assume that @ (¢) <2 forall ¢ > 0.
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We now introduce a function £2 () : (0, oo) — (0, co) that we are going to use instead of @ (¢)
in our subsequent argument.

Lemma 5.1. If ® : (0, 00) — (0, 2] satisfies @(t) — 0 as t — O then there exists a function
2 :(0,00) = (0, 00) such that

(1) £2(t) 220(t) forallt € R,
2) 2@¢)—>0ast — 0T,
(3) if A, B>0then 2(A)+2B < 2(A+ B).

Proof. Foreachn € Z, define B(2") := sup_, <on+1 O (t"). We may uniquely extend S to (0, 00)

by imposing the property that 8 is affine on each interval of the form [2", 2"*+!] for n € Z. Note
that 8 is continuous, increasing and B(¢) > ©(t) for every t > 0. Further for ¢ < 2" where
n € Z, we have (t) < p2") = SUP( </ < ont1 ©(") and as O (t) — 0 as t — 0T we deduce that
B(t)—0ast— 0.

We now let £2(t) =28(t) + 2t. Then (1) and (2) are immediate as 8(z) > ©(¢) and B(t) — 0
as t — 0. Finally for (3) we may use the fact that § is increasing to deduce that for A, B > 0,
2(A+B)=2B8(A+B)+2A+2B>2B(A)+2A+2B=2(A)+2B. O

We now define a notion of weight and a class of pairs that weigh more than the given pair.

Definition 5.2. If p is anorm on Y and (x, e) € D then we call

flx,e)

=0

the weight of (x, e¢) with respect to the norm p.
Further for o > 0 we let G (x, e, o) be the set of all (x’, ¢’) € D such that

wy(x,e) <wp(x',€) (5.3)
and
|(f(rx" +te) — f(x)) — (frx +te) — f(mx))]
< (o +2(wp(x',e) —wp(x, )l (5.4)
for all # € R, where the function £2 is given by Lemma 5.1.

In what follows, the notation ||y — Re|| where y € Y and e € Y \ {0} is used for the distance
between the point y and the one-dimensional subspace of Y generated by e. This distance is
calculated with the original norm || - || on Y.
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5.3. Inductive construction

Let o9 = 16, 60 = 1, o € (0, 1/2), the norm pg = || - || and wo = w,. The pair (xo, e9) was
chosen earlier. Below we will define various positive parameters o, t;, €x, Vn, Ap, 05, nested
sequence D, of non-empty subsets of D and pairs (x,, ¢,) € Dy,. For every n > 1, we define

n—1

P = | IyI2+ D121y — Rep|? (5.5)

m=0

and let w, = wp, be the weight function defined on D. It is clear (5.5) defines a norm on ¥ and
pn(y) = max{||y|l, pn—1(y)} for all y € Y. Together with Lip(f) < 1, this implies w, (x, e) <
min{1l, w,_1(x, e)} for any (x, e) € D.

For every n > 1, choose

o, € (0,0,-1/16), t,€(0,t,-1/2) with t,f <op-1/16 and
e (0,1202/213). (5.6)
Let D, to be the set of all pairs (x,e) € D with d(x, x,—1) < ,—1, |le]| =1 and
(x’ e) € Gpn (xnfls €p—1,0p—-1 — l))

for some v € (0, 0,,—1/2). Note that (x,—1,e,-1) € D,, and so D, # @. Since w,, is bounded
by 1 from above we can choose (x,, e,) € D, such that for every (x, e) € D,

wy (x, e) < w,(Xy, ey) + &y. (5.7)

Note that the definition of D, then implies d(x,,x,—1) < §,—1, and as (x,,e,) € D, and
Pnlen—1) = pp—1(en—1), we have for every n > 1

Wy—1(Xn—1,€n—1) = Wy (Xn—1, €n—1) < Wy (X, €p). (5.8)

This implies wy (x, €) = wo(xg, e0) = f'(wxo, o) for every (x, e) € Dy; in particular, (5.2) im-
plies

eS(e) >1/2 (5.9)
for any (x, e) € D,,.

Let v, € (0, 0,—1/2) be such that (x,, e,) € Gp, (Xp—1, €11, 04—1 — vy). Finally pick A, >0
such that

| f(rxn +ten) — f(xn) — f(wxn, en)t| < on1lt]/32, (5.10)
| fGrxn—i1 +ten—1) — f(wxn—1) — f'(Txn-1, en—1)t| < 0n—1t]/32 (5.11)

for all ¢ with |z| <4A,/v,. Choose §, € (0, (6,—1 —d(xn, Xn—1))/2) such that ||[rx —mwx,|| < A,
whenever d(x, x,) < 8,; such a §, exists because 7 is continuous.
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Let us make some simple observations. First of all, (5.6) implies that the sequences o, ,, &,
all tend to zero. Since v, < o,—1/2 and §, satisfies the inequality 8, < (8,—1 — d(xy, Xp—1))/2
we conclude that v, and §,, tend to zero, too. The latter inequality also implies

Bs, (xn) € Bs, , (Xn—1) (5.12)
for every n > 1 and so
d(xg,xp) <6, forallk>n. (5.13)

Since M is complete we conclude that the sequence (x,) converges in M to some point x.
The inequality #, < £,_1/2 also implies p,(y)? < ||y||? +2t§ Ay IIE < 2lyl3, soforall y e Y,

Iyl < pa(y) < 2|yl (5.14)

Then, using p, (e,—1) < 2, we get for every (x,e) € D

|f'(rx,e) = f'(mxn_1, en 1)
2|f/(7txs €) - f/(n-xl‘l—lv en—l)l

<
Pnlen—1)
flrx,e)  fl(mxa—1,€q—1) ’ 1

< - 42

Pne) Pn(en1) 7ol "
<2|wn(x,e)—wn(xn_1,en_1)|+2L\pn(6)—pn(6n_1)\

pn(en—l)pn(e)

< 2|wn(x, €) — wp(xn—1, €n—1)| +4lle — enill, (5.15)

where, in the penultimate line, we are using Lip(f) < 1 and, in the final line, p,(e) > |||,
Pnlen—1) 2 llen—1]l = 1 and the fact that

|Pn(€) — pulen—1)| < pule —en—1) < 2lle — eni.

We are now ready to prove a very important property of sets D,; the “moreover” part of
Lemma 5.4 together with (5.6) implies the convergence of the sequence (e;) to some e, € Y with
lleso || = 1. We will show later that the pair (X0, o) has the properties required by Theorem 3.2.

Lemma 5.4. For everyn > 1, we have D1 € Gp, (Xp—1,€3-1,0n—1 — Vp/2) and Dy 1 € D,,.
Moreover, for any (x, e) € D41 we have ||le — e, || < 0,,/8.

Proof. Notice first that since og = 16, the “moreover” statement is satisfied for n = 0.

We shall now show that assuming the latter statement is satisfied for n — 1, where n > 1, the
full conclusion of the present lemma holds for .

Assume therefore n > 1, the “moreover” part is satisfied for n — 1 and (x, e) € D,4+1. Since
(xn, en) € Dy, we get

On—1

8

llen —en—1ll < (5.16)
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Since (x, e) € G, (xn, en, 0y — v) for some v > 0, we get that wy11(x, €) 2= wyt1(Xn, €n);
thus using (5.8), we obtain the first defining property of the set G, (x4—1, €41, *):

Wy(x,e) 2 wpy1(x, e) = Wut1 (X, ep) = Wy (Xp, €n) = Wy (Xy—1, €n—1).
In order to show (x,e) € G, (xn—1,en—1,0n—1 — Vu/2), we need to prove the second defining

property of the latter set. We prove the inequality separately for |f| < 4A, /v, and |t| = 4A, /v,.
If |t] <4A, /vy, using first (5.10), (5.11) and then Lip(f) < 1,

|(frx +ten—1) = f(x)) — (F(xa—1 +ten—1) — f(Tx0-1))]
<|(frx+ten1) — frx)) — (f(rxn +1en) — f(xn))]
1
| /G, €n) = ' Grxn-r, en-)| -l + Teon-1l
<|(frx +ten) — frx)) — (f(rxn +ten) — f(rxn))| + llen — en—ill - I1]

1
+ |f/(7[xns en) — f/(nxn—l’ en—l)| e+ Ean—l|t|-

We may now apply (5.16), (x,e) € Gp, ., (xu, €n, 0, — v) and (5.15) to deduce that the latter is
bounded from above by

3
|t|(0n —Vv+ Q(wnJrl (x, e) — w11 (xp, en))) + Ranfl
+ 2(wn(xm en) — Wy (Xn—1,€n—1) +4llen — en—1 ”) (5.17)

Recall that £2 is an increasing function and
Wn+1(X, €) — Wpt1(Xn, €n) = Wyt1(x, €) — Wy (Xp, €7) < Wy (X, €) — wy(Xy, €4);

then using again (5.16), o, € (0, 0,—1/16) and v, € (0, 6,,—1/2) so that %anl <op—1— /2,
and Lemma 5.1(3), we have

|(f(77x +itep—1) — f(nx)) - (f(nxn—l +tep—1) — f(nxn—l))|

3
< (Zgn—l + -Q(wn (x, ) — wp(xp, en)) + 2(wn (Xn, en) — wp(xn—1, en—l))) |]

< (Un—l =V /2+ ‘Q(wn(xv e) — wp(xp—1, en—l)))”l-
Now we consider the case |t| > 4A,/v,. As (x,e) € D, 41, we have d(x, x,) < §,. Therefore,

from the definition of §,,, we have ||mx — wx,|| < A, < v,|t|/4. Thus, replacing f(mx +te,—1)
with f(wx, +te,—1) and f(7x) with f(mx,), we get

[(fGrx +ten—1) = f(x)) — (f(rxn—1 +ten1) — f(Tx0-1))]
Snltl/2+ |(f(77xn +iep—1) — f(nxn)) - (f(n'xn—l +iep—1) — f(nxn—l))|~
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Now using (xp,en) € Gp,(Xp—1,€n—1,0n-1 — V), We estimate the second term by (0,1 —
v + 2(wy (x4, €n) — wy(Xp—1, en—1)))|t]. Adding v,|¢|/2 to this and noting £2 is an increasing
function, we estimate this from above by

(on-1—vn/2+ 2(wa(x, €) — wa(xn—1,€4-1)))l1].

This finishes the proof of (x, e) € G, (Xn—1, €n—1,0n—1 — V/2).

Further, for (x,e) € D,4; we have |le|| =1 and d(x,x,—1) < §,—1, using inequality
d(x, x,) < 8, and (5.12). Therefore, (x, e) € D,; hence D,,+1 C D,,.

Finally to prove |le — e, | < 0,/8, note that (5.8) together with the definition of (x,, e,) im-
plies

pn(e) W, (x, €) < Pnl(e)
pn+1(e) pn+](€)

Wn (Xn, €n) = Wyt1(Xn, €n) < (wn(-xn’ en)"‘gn)- (5.18)

Writing py41(e) =/ p2(e) + 12d*, where d = |le — Re,|| < 1 and using 1, < 1o < 1/2 we

deduce
pnle) t2d>
S =1/ J14+12d% ) pp(e)2 <1 — 2
P1(e) ne 4pn(e)?

as 1/4/14+x <1 —x/4for 0 <x < 1. Substituting this inequality into (5.18) and using (5.6) we
obtain

tr%d2 ( )< 1 tr%dz < 2 2/213
—=wu (X, €,) <€ —— | <¢g, <t o .
4py(e)2 TR 4pp(e)? no

On the other hand, (5.8) and g’ (7 xq, eg) > 0 imply

2
wn (X, €n) = wo(xo, o) = f'(x0, e0) = g’ (wx0, €0) + 3>

’

N =

so using p,(e) < 2 we conclude d < o,,/2*. This means there is a 7 € R such that

On
—t < —. 5.19
lle —tenll 16 (5.19)

It follows |ej(e — te,)| < 0,/16 < 1/2. However, by (5.9), ej(e), ej(e,) = 1/2, hence t > 0.
Then from (5.19) and ||e, || = |lel| = 1 we get that |1 — 7| < % and so

On
lle —enll < rh o
We note here that Lemma 5.4 implies that |le;, — e, || < 0, /8 whenever m > n + 1. Thus (ey,)
is a Cauchy sequence, so it converges. Let exc = lime,. As |le,|| = 1 for each n > 1, we have
lecoll = 1.
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5.5. Existence of directional derivative f' (7 X0, €c0)

From 5.13 we have d(xi, x,,) < 6, for all kK > n. We also know that for k > n, (xi,er) €
Dy4+1 € Dpyq using Lemma 5.4, so that |lex — e,] < 0,/8, again by Lemma 5.4. Hence the
sequences x, and e, converge to X, and es, respectively, where

d(Xeo, Xp) <8y and  |leco —enll < 0n/8 (5.20)

are satisfied for every n > 1, the strictness of the first inequality following from (5.12). It is also
clear that the sequence of norms p, converges to

o
P = |I¥I2+ D 121y — Rey|?

m=1
as this formula defines a norm and
PR < PR () < PR + 221317 < (1+22) P23 < (1422 pR(y)
implies forall y e Y
Pr(3) < Poo(®) < (14+17) Pa(y)- (5.21)
This implies for every (x,e) € D

Poo(@) = pa(@l _\  fa-Pa(©) o

Wi (X, €) — Woo(x, )| = | f/(x,€)] - < lell <t (5.22)
i wxA =|fCx. o) Pu(e) poc(e) Pa(€)poc(e) ~ "
using Lip(f) < 1 and po(e) = |le].
We will now show that the directional derivative f/ (7 xo0, €00) €Xists and
Win (X, €m) /" Woo (Xoo, €00), (5.23)

where woo = wp,.
Indeed, for every n > 1, the inequality p,(y) = ||y| and (5.8) imply

0 < wo(xo, €0) < wy(xn, en) <Lip(f) < 1.

Thus there is L € (0, 1] such that w,(x,, e,) /' L. From (5.21) we conclude weo (X, €n) — L
and wy,+1(x,, e;) — L. Note then

Poo(exo)
Wiy (X, €n) — Wiy (Xp—1, €m—1) > L —wn(xXm-1,em—1) =:8m > 0.
n— 00 Pm(eoo) m— 00

Assuming n > m we get (x,,, ) € D, € Dy,41. The first condition (5.3) of

(xn,en) € Gpm (Xm—1,€m—1,0m—1 — Vm/2) (5.24)
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says W (Xn, €n) 2 Wy (Xm—1, €m—1), thus s, > 0 for each m. Taking n — oo in the second
inequality (5.4) from the definition of (5.24), we obtain

|(f(Txo0 + tem—1) — f(Tx00)) — (f (Txm—1 + tem—1) — f(TXm—1))| < rmlt] (5.25)
for any ¢ € R, where
Tm i=0m—1 — Vm/2+ 82(s;) = 0

by Lemma 5.1(2). Using [leac — ém—1]| < 0m—1 and Lip(f) < 1:

|(f(Txoo + tess) — f(Txo0)) — (f (Txm—1 + tem—1) — f(wxm—1))|
< (rm +om-1)t]. (5.26)

Let ¢ > 0. Note that as

f' T xm-1, em—1) = pm—1(€m-1)Wn—1(Xm-1, em—1) = Poo(€co) L
we may pick m such that

Fm+om—1<e/3 and |f (mxm—1,em—1) — Pocles)L| <&/3 (5.27)
and then § > 0 with

|f(xm—1 +ten—1) = fxm—1) = f'(Txm-1, em—1)t| <elt]/3 (5.28)
for all ¢ with |z| < §. Combining (5.26), (5.27) and (5.28) we obtain

| f(rx00 + teno) — f(TXo0) — Poc(esc) Lt| < glt]

for |7| < 8. Hence the directional derivative f/(7xc0,€00) €xists and equals poo(e0o)L and

Woo (X0, €00) = L.
The last equality and the definition of s, implies

Win (Xoo, €oo) — Wi (Xm—1, €m—1) = Sm =0,
so together with (5.25) we get
(Xo0, €00) € Gpm(xm—l’em—lvam—l —Vm/2) (5.29)

and so (X, €x0) € Dy, forallm > 1.
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5.6. Maximality of the weight function at (Xoc, €x0)

We now verify that the value of the weight function weo (X0, €c0) 1S almost maximal in the
following sense: For every & > 0 there exists § > 0 such that whenever (x’, ¢') € G . (Xo0, €00, 0)
with d(x/, xo0) < 8 then we have

Woo (X', €') < Woo (Koo, €00) + & (5.30)

Assume ¢ > 0 is fixed, choose then n > 1 with ¢, + 2t3 < ¢ and pick A > 0 such that for
|t| < 8A/v,, the following two inequalities are satisfied:

1
|/ Grvoe + teoe) = f (rxoe) — [/ (rkco, eco)t| < zom-1l1; (5.31)
1
| fGrxn—1 +ten—1) — f(wxn—1) — f'(Txn_1, en—1t| < el (5.32)

Using (5.20) and the continuity of 7 we can find
8 €(0,8,—1 — d(Xo0, Xn—1)) (5.33)
such that whenever d (x', xo0) < 8,
| —mxoe | < A. (5.34)

We now suppose, for a contradiction, that (x’, ¢’) € G ., (Xoo, €c0, 0) is such that d (x', xo0) < 8
and contrary to (5.30) we have

Woo (X', €') = Woo (oo, €00) + &. (5.35)
As weo(x’, €') is invariant if we scale ¢’ by a positive factor, as is the membership relation
(x',€") € Gy (Xo0, €0, 0), we may assume that [[¢/|| = 1.
First we shall show that (x’, e’) € D,,. Since (5.33) and d(x’, xo0) < 8 imply d(x', x,—1) <
8,—1, by definition of D,, to prove (x’, ¢’) € D, it is enough to show that
(x/’ e/) € Gp,(Xn—1,en—1,0n—1 — Vu/4). (5.36)
Note that from (5.22) we have
Wa (¥, ) — Wy (Xoos €00) = Woo (X', €') — Woo (Yoo, €00) — 21
>e—22>g,>0; (5.37)
therefore

wn(x/, e/) > Wi (Xoo, €c0) = Wi (Xp—1, €n—1)

as S, = Wy (Xoo, €oo) — Wy (Xy—1,e,—1) = 0: see the end of Section 5.5.
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We now check the second condition of (5.36). Assume |¢| < 8A /vy,; then using first (5.31),
(5.32) and then Lip(f) < 1,

|(f(7fx/ +t€n—1) - f(ﬂx/)) - (f(ﬂxn—l +tep—1) — f(ﬂxn—l))|
<|(f (x4 ten—1) — f(x')) = (f (Txo0 + teos) — f(Tx0))|
1
+ | f (X0, €00) — /(X1 €n—1)| - It] + o1l
<|(f (x4 teso) — f(x")) = (f (Txo0 + tess) — f(Tx00))| + lleco — en—1]l - It]

1
[ £/ (o0, €00) = f (Txn1, enn)| - ltl + gona .
In this sum of four terms, we use (x’,¢') € G oo (X005 €00, 0) to bound the first term from above
by 2(Weo (X', €") — Weo(Xoo, €00)) - |2, and (5.15) to bound the third term by (2(wy, (Xoo, €c0) —

Wy (Xp—1,en—1)) + 4llecc — en—11)t]. Using in addition inequality |leco — €p—1]| < 0,,—1/8 from
(5.20), we get

|(f(mx’ +ten—1) — f(mx")) = (f(rxn—1 +tea—1) — f(Tx,-1))|

< Itl<9(woo(x” ¢) = Woo (Yoo €c0))

3
+ z(wn(xom €co) — Wy (Xp—1, en—l)) + Zan—l>~ (5.38)

We now use the fact that §2 is an increasing function and weo (x’, €') < wy(x', €’) which follows
from p, < poo, and use (5.22) to estimate 2w, (Xoo, o) from above by 2wee (X0, €00) + 2t3.
Then the expression in the right hand side of (5.38) is less than or equal to

3
|t] <Q(wn (x", €) = Weo (Xoo, €00)) + 2(Woo (Xoos €00) — Wn(Xn—1. €n—1)) + o1+ 2t§>.

As t,% < o,—1/16 and £2 satisfies property (3) in Lemma 5.1, we finally get

|(f (rx" +ten—1) — f(wx)) = (f(rxn—1 + ten—1) — f(wxn-1))|
< <-Q(wn(x/7 e/) — Wy (Xp—1, en—])) + %Un—1>|t|
< (on—1 = va/4+ 2(wn(x', €') — wa(xn—1. €-1)))1],

as v, < oy—1/2. Thus we proved the second condition of (5.36) for |¢| < 8A /v,,.
Now we consider the case |f| > 8A /v,. From d(x', xo0) < & and (5.34) we have

||7Tx/—7TXoo“ <A< yt]/8

so we get, using (Xoo, ) € Gp, (Xn—1, €n—1, 0y—1 — v, /2) from (5.29),
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|(f(77x/ +ten—1) - f(”x/)) - (f(JTxn—l +itep—1) — f(n'xn—l))|
<|(f (rxos +1en—1) = f(Tx00)) = (f (X0t +ten—1) = f(@x-1)| + 2| 7" = 7xc0 |
< (Un—l =V /2+ Q(wn(xoo» €co) — Wn(Xn—1, en—l)))l” + vt /4
< (Un—l — v /4 + Q(wn ()C/, e/) — Wy (Xn—1, en—l)))|t|s
where, in the final line, we have used w, (x’, €') > w;, (Xsc0, €00) from (5.37).
This finishes the proof of (x’,e’) € D, for every n > 1. Recall the property of the pair
(x5, e) € D, is such that

Wy (x, e) < wy(xy, ey) + &y

for all (x, e) € D,.. Notice that by (5.23) the right hand side of this inequality is less than or equal
t0 Woo (Xo0, €c0) + &, thus together with (5.35) and (5.22) we finally get

Woo (Xoos €0c) + & < Woo (¥, €') S wy (X', €') + 17 < Woo (Yoo, €00) + &n + 17

This is a contradiction as € > &, + t,%. This means that the assumption (5.35) is false, completing
the proof of the statement of the present section.

5.7. Proof of Theorem 3.2
We first quote [12, Lemma 4.3] for determining the Fréchet differentiability of the norm poo:

Lemma. If the norm of a Banach space Y is Fréchet differentiable on Y \ {0}, e, € Y and t,, > 0
with )" t,% < 00, then the function p : Y — R defined by the formula

o
P = | IyI2+ D 21y — Rey|?

m=1
is an equivalent norm on Y that is Fréchet differentiable on Y \ {0}.

We verify the conclusions of Theorem 3.2 for Lipschitz function f defined in (5.1) and the
norm | - | = poo-

The items (1) and (2) of Theorem 3.2 follow from (5.1) and (5.14) as p, — poo. The “more-
over” statement in Theorem 3.2 is a direct consequence of the lemma quoted above and the
definition of p, in Section 5.5.

For part (3) of Theorem 3.2 we define ¥ = xo0 and é = ex/||€co||’. Then we have (X, é) € D
and ||¢||" = 1. Further we have

Fl(rx, 8) = woo (X, €) = Woo (Xoo, €cxc) = Wo (X0, €0) = f (X0, €0)

by Definition 5.2 and (5.23). Now given any ¢ > 0 we choose § > 0 as in Section 5.6 and then
define the open neighbourhood of X in M by N, = Bs(x).
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By replacing weo(x’, €’) by f/(wx’,¢’) and weo (X0, €00) by f/ (X, &) we get (5.3) from
fl(wx,e) < f/(wx',e') and (5.4) from (3.2). Here we used 260 < £2, from Lemma 5.1(1), and
llecoll” < 2llexo || = 2. Hence

(x’, e/) € G, (X0, €00, 0).
Then we have just showed in Section 5.6, as x” € Bs(x),
Woo (X', €') < Woo(Xoo, €00) + &
by (5.30), and so we conclude
f(mx',e) < fl(nx,e) +e. O
6. Set theory

In this section we shall prove Theorem 3.3. We recall its hypotheses: (Y, d) is a metric space
and (K, ),eg is a collection of non-empty compact subsets of ¥ indexed by (R, y), a non-empty
metric space, such that

H(Kr, Kg) <y(r,s) (6.1)

for every r, s € R, where .7 denotes the Hausdorff distance.

Further O is a G subset of Y containing every element of the family (K, ),cg where R’ C R
is y-dense and ro € R’. We further recall that p, &g > 0 are such that for every & € (0, &g) there
exists R(e) C R such that (3.4) holds:

e for every s € R there exists t € R(¢) with y (¢, 5) < ¢,
e for every subset S of Y of diameter at most pe the set {r € R(g): SN K, # @} is finite.

We may assume p € (0, 1) is fixed. Write O = ﬂ,fozl O, where (0, is a nested sequence of
open subsets of Y, O,+1 € O, foreachn > 1.

We first observe that due to the fact that O contains a y-dense collection of compacts K,, we
may replace the families R(e) of compacts with families R'(¢) € R’, so that K, C O for every
r € R'(¢), and properties listed in the following lemma are satisfied.

Lemma 6.1. For every ¢ € (0, g9) we can find R'(¢) C R such that K, C O forall r € R'(¢) and

o foreveryr € R there exists t € R'(¢) with y (t,r) < ¢,
e for every subset B of Y of diameter at most %,08 the set

FB(e) :={t € R'(e) with K, N B # 0} (6.2)
is finite.
Proof. Foreach s € R take 7y € R’ with y (¢, s) < pe/10, using the density of R’. Set

R'(e) ={t;: s € R(4¢/5)}.



M. Doré, O. Maleva / Journal of Functional Analysis 261 (2011) 1674-1710 1703

It is clear that K, C O for every r € R’(¢) and that for every r € R we can find ¢ € R'(¢) with
y(t,r)<4e/5+ pe/10<e.

Now if t € FB(¢) then, writing ¢t = t; with s € R(4e/5), we see from y (s, s) < pe/10 and
(6.1) that K intersects Eps/lo(B); this set has diameter at most pe so the set FB(e) is finite
by 3.4). O

‘We now define the set
T ={(r,w,a) € R x (0, &) x (0, 00) such that K, € O and w < }. (6.3)

Here w € (0, g9) denotes the width of the neighbourhood 7' = By (K,) around K,; as we men-
tioned earlier in Remark 3.4 our main example is the case when K, is a wedge, then T is an
angled tube around K. A slightly bigger neighbourhood B (K,), defined by the third parame-
ter, is considered as a neighbourhood of the tube T just constructed, in which we plan to choose
smaller tubes that approximate T'. Therefore each element (r, w, ) € T presents a tube B, (K,)
with some “safe” neighbourhood B, (K, ). For convenience, we will use these terms even in the
general case when K, are arbitrary compacts; we will also refer to elements (r, w, «) € T as tube
triples.
For fixed rg € R’ choose 0 < wy < a9 < &g so that

Ro = {(ro, wo,0)} S T. (6.4)
We shall now construct, for each k > 1, a set Ry C T inductively by adding, for every (ryw,a) €
R; where [ <k, a collection Ry ; = Ry ;(r, w, ) of tube triples (¢, v, ) € T with B, (K;) C Oy
such that the collection (K;)(,v,8)er,, Well approximates the collection of all compacts (K)ser
when restricted to the “safe” neighbourhood By (K,). First let

ri.1 € (0, p/10) (6.5)

for each 0 </ < k, where p € (0, 1) is the number fixed in the beginning of the present section.
Later, in (6.14), we will impose additional restrictions on (rx ;); however Lemmas 6.2, 6.3 and 6.5
we prove up to that point are valid for any r ; € (0, p/10).
Lemma 6.2. [f0 <[ <k and (r, w, ®) € T then there is a set

Rii=Rii(r,w,a) €T

such that

(1) foreverys € R with Ky C By (K;) there exists (t, v, B) € Ry, such that
10
y(t,8) < ;Vk,lw,

(2) if (t,v, B) € R then ,3_=rk,1w < a/10 and v < eo/k,
3) if (t,v, B) € Ry then By(K;) C Oy and K; € By (K,),
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(4) if B €Y has diameter at most 8ry jw then the set
F=Frwa)

ofall (t,v, B) € Ry such that K, intersects B, is finite,
(5) there exists v > 0 such that (r, v, ry,jw) € Ry .

Proof. For each t € R with K; € O we can pick v; € (0, g9/ k) such that v; < ry;w and
B, (K;) C O,

as K; € O C Og, K; is compact and Oy is open. Now let

10
&= —TrgW.

Note that ¢ < w < &g from (6.5) and (6.3) and that for any ¢ € R'(¢) U {r} we have K; C O.
So we may set

Rii = {(t, v, riqw): 1 € R'(€) U {r} is such that K, € Byo(K,)}.

Observe that R;; € T, using the definition of v;.

To see item (1) of the lemma, for s € R with K € B, (K,) we pickt € R'(g) with y (, 5) < €.
Then y (¢, s) < w < « so that K; C B, (K;) using (6.1). It follows that K, € B2, (K,) so that
(@, v, riyw) € Ry .

Items (2) and (3) are immediate.

For (4) note that if (¢, v;, ryjw) € F then as r € R'(¢) U {r} and the set B has diameter at most
‘5—‘,08 we have

re FBe)ufr);

see (6.2). As this set is finite then so is F.
Finally item (5) is immediate with v =v,. O

Recall from (6.4) that we have defined Ry € T. Now for k > 1 define Ry C T by the recursion

k—1
R = U U Ri1(r,w, o). (6.6)

[=0 (r,w,0)€eR;
Note that for any (¢, v, ) € Ry we have

K, CO and B,(K,) < O 6.7)
and

0<v< min<,3, 1—0) (6.8)

using (6.3) and Lemma 6.2, (2) and (3).



M. Doré, O. Maleva / Journal of Functional Analysis 261 (2011) 1674-1710 1705

Next lemma proves that the collection of tube triples Ry has some local finiteness in its struc-
ture; we will use this property later to prove that if we consider unions of all tubes on each
level and then intersect these unions up to a certain level then the resulting set is closed, see
Definition 6.4 and Lemma 6.5.

Lemma 6.3. If y € Y and k > 0 there exists 6, = 8, (y) > O such that the set

Fir = Fi(y) = {(r, w,®) € Ry such that d(y, K,) <6 + 3(x}
is finite.

Proof. Let y € Y. For any §p > 0 we pick, the set Fp C Rg will be finite. Suppose now that k > 1
and we have picked §; > 0 for every 0 </ < k such that F; is finite.

Pick 8 > 0 such that for every [ < k we have &; < é; and, for any (r, w, ) € F, 6k < ri jw.
‘We shall show that Fj, is finite.

Suppose that (¢,v,8) € Fy. We may write (t,v,8) € Ry (r,w,o) where [ < k and
(r, w, @) € Ry, using (6.6). Note that K; € By, (K,) by Lemma 6.2(3). Hence

d(y9K}’)<d(yv Kl)—‘f_za
<6+ 3842
<6 + 3«

using &6 < &; and B = ri jw < /10 from Lemma 6.2(2). Hence (r, w, @) € F; and so & < rg jw.
We get d(y, K;) <8k + 3B < 4rr w so that

Kt N E4rk’lw(y) 75 @

_4’k,l w(y)

B
and (¢,v, B) € F
We conclude that

(r, w, a); see Lemma 6.2(4).

k—1 =
Bary jw(y)
Fkgu U Fk,;kvl (rawaa)v

=0 (r,w,0)eF;
which is finite by Lemma 6.2(4). O

Definition 6.4. If k > 1, A € [0, 1] and w > 0 we define My (A, w) to be the set of y € Y such
that there exist integersn > 1,0 =1y <[y < --- <, =k and tube triples (r,, Wy, an) € Ry, for
0 < m < nwith

(D) (rys win, o) € Ry, gy (Fin—1, Wi—1, @y —1) for 1 <m < m,
(2) d(y, K,,) < Aoy for0<m < n,

(3) d(y, K,,) < Awy,

4 w, =w.

‘We then let

M) = ) Mi(n, w).

w>0
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Remark. Note that Definition 6.4(3) implies that My (A) is a subset of the union [ J Bw(K,),
where the union is taken over the collection of all tube triples (r, w, «) in Rj. Since each of those
tubes is inside Oy by (6.7), we conclude My (A) C Og. Further from (6.4), (6.6), Lemma 6.2(5),
Definition 6.4(2) and (6.7),

Kry € Mi(2) 6.9)
forall k > 1 and A € [0, 1]. Finally if My (X, w) # @ then by Lemma 6.2(2),

w < go/k. (6.10)
Lemma 6.5. For any k > 1 and X € [0, 1], the set My ()) is a closed subset of (Y, d).

Proof. Suppose that y® e M (») with y@ — y e Y. It suffices to show that y € Mi(2).

For each i > 1 we have y® e My (1), therefore we can find n® > 1,0 = lé’) << l:ll(?) =k
and (r,gf), w,(,i), oz,gi)) € le for 0 < m < n® such that the conditions in Definition 6.4(1)—(3) are
satisfied:

(r,g), w,(,’;),a,(,i)) € lerf),l,(,?,l (rr(nl)_l, wr(rll)_l,oz,(:lll) forl1<m < n(i), (6.11)
d(y", K o) <ialy) for0O<m<n®, (6.12)

i @)
d(y(l)’ Krr('i&)) < )\wnm. (613)

As 1 <n® <k we may assume, passing to a subsequence if necessary, that n¥) = n is constant.
Butthenas 0 < l,(,{) < k we may assume, passing to another subsequence, that / @ - I,y 1s constant
foreachO<m<nwithO=lhp<l1<--- <, =k.

Fixing m then as d(y, y¥) — 0, » < 1 and

d(y. K@) <d(y, ") + 2},

from (6.12), we have (r,(ni), w,(,i), oz,(,’;)) € Fy, (y) for i sufficiently high; see Lemma 6.3. As this set

is finite we can assume, passing to another subsequence, that
(r,(ni), w,(,i), a,(,’;)) = (rm, Wiy, )
is constant for each 0 < m < n, with (r,, Wi, o) € Ry, . Further from (6.11)—(6.13) we have
o (Fm, Wy, &) € Ry, 1, F—1, Win—1, @m—1) for 1 <m < n,
o d(yD, K, )< hay, for0 <m < n,

o d(y, K,,) < wp.

Taking the i — oo limit and using y® — y we obtain
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o d(y,K,,) <Aooy for0<m < n,
° d(y, Kr,l) < Awy,

sothat y € Mx(X). O

Up to this point we have let r¢ ; € (0, p/10) be arbitrary; see (6.5). We now further stipulate
that if 0 <! < I’ < k then we have

1
Ttk < and rpy1 < R (6.14)

| =

We now come to the crucial lemma. It proves that if we consider a point y is in My (X, w) and
A’ > A, then the whole (A" — A)w-neighbourhood of y is inside M (), w). If, however, we want
to find compacts K; close to y of bigger size, § > (A" — A)w/2, we can accomplish this as long
as we agree to consider tube sets constructed on subsequent levels.
Lemma 6.6. Suppose k > 1, 0 < A <A+ ¢y <1, w>0,6€(0,1)andy € M(h, w). Then
(1) Byuw(y) S MG+, w), -
(2) if26 € (YWw,Yyag) and 20/ (p¥k) < e < 1 then for each s € R with K; C Bs(y) there exists

t€ Rwithy(t,s) <edand Ky C Myyj(A+ ) forall j > 1.

Proof. From Definition 6.4 we can find integers n > 1,

O=lhy<h<---<ly=k

and tube triples (7, Wy, an) € Ry, for 0 <m < n with

(rms Win, o) GRI,,,,lm,l(rm—la Wp—1,0m—1) forl<m<n, (6.15)
d(y, K, <Ay, forO<m<n, (6.16)
d(y, Ky,) < Awp, (6.17)
Wy = w. (6.18)

Note that
U =Tl by Win—1 < Op—1 (6.19)

for each 1 <m < n by Lemma 6.2(2).
To establish (1) of the present lemma, suppose d(y’, y) < Y w; then from (6.16) and (6.17),

d(y', Krm) <Ay, +yw for0<m<n,
d(y', Kr,) < rw, + yw.

Using (6.18) and (6.19) we have w = w,, < o, < @y, SO that
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d(y'. Kp,) <O+ Pay  for0<m<n,
d(y/’ Krn) <A+ P)wy;

combining these with (6.15) and (6.18) we get y' € My (A + ¥, w), as required.
We now turn to (2). We claim that we can find m with 0 <m <n and

(t,w,a)e Riy1,4, (rms Wi, ) (6.20)

where 28 < Y, and y (¢, s) < &6.
To see this suffices, note first that as J7(K;, K;) < y(f,s) < §, using ¢ < 1, we have

K, € Bs(Ky) € B2s(y) € Bya,, (V). (6.21)

where we have also used 28 < ¥, from the claim to be proved and K; € Bs(y) from the
hypothesis of (2).
Now let l’ =1 and (r’,

using (6.20) for (rm+1, m+1,

a) (rj,wj, ej) for j<mand [, ,=k+ jfor j>1 and,
o, +1) and Lemma 6.2(5), pick mductlvely

j bl

/ / / / ’ /
(rm—i-j’ wm+j7am+j) € Rl)’n+j’l/,n+j—l (rm+j71’ wm+j71’am+j71)

for each j > 1, with r), j=t Then for any y' € K, as

d(ylv Krj) < d(y7 Krj) + Wam g ()‘- + Iﬁ)a;

for j < m, using (6.16) and (6.21), while d(y’, K/ )—Ofor] 1 fromy € K, =K, ,we

T+ j ]

have y’ € My j (A + ) for j > 1 as required.
We now establish the claim. Suppose first that 2§ < ¥r«,,. Then as

Ky C Bs(y) € Bja,+5(Kr,) C By, (K,),

using (6.16), we may pick, by Lemma 6.2(1), (¢, w, &) € Rx4+1.x(rn, Wy, ) With

10 10128
y(t,s) < —rpppwy, < ——— < &6
P

pky

using (6.14) and 26 € (Y wy, ¥). Thus we can satisfy the claim with m = n.
Suppose instead that Yo, < 28. As 26 < Yo we can find m with

Yo+l <28 < Yay (6.22)
where O <m < n — 1. Then as
Ks - Ea(Y) - E)\am+8(Krm) - Eam(Krm)v

we may pick, by Lemma 6.2(1), (¢, w, @) € Riy1.1,, (Fim, W, &) With
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101 101 10126

10
y(t,s) < ;rk+1,zm Wy < ;Erzmﬂ,zmwm = —Qpil < ——— <&

Pk pky
using (6.14) with [,;, < l,4+1 <k, (6.19) and (6.22). Thus the claim is satisfied. 0O

6.7. Proof of Theorem 3.3

We are now ready to prove Theorem 3.3.
Assume rg used in (6.4) is the one given by hypothesis of Theorem 3.3.
Given A € [0, 1] we set

o0
T, = ﬂ Je(Z),  where Jy(L) = U M, ().
k=1 k<n< 140k

Note that as (6.9) implies K, € M,(A) € O, € Oy for n > k, we have K, C Jy(A) € O
for every k > 1 and hence K,, € T, € O for every A € [0, 1]. Similarly as My (1) is closed
by Lemma 6.5, the set Ji(A) is also closed for every k > 1, and hence T, is closed for every
A € [0, 1]. We further note that if 0 < A1 < Ay < 1 then as My (A1) € My (A,) from Definition 6.4,
we have Ji (A1) € Jk(A2) and hence we have Ty, C T;,.

Assume 17 € (0,1),0< )V <A < 1andy e Ty. By the definitions of Ty, and M (1") and the
last part of Definition 6.4, there exists, for each k > 1, an index ny with k < n; < (1 + A")k and
wg > 0 such that y € M,,, (A, wg). Let y =1 — 2/ > 0.

Pick 81 > 0 with 281 < Yrwy for every k < 20/(py¥rn), where p € (0, 1) is the number fixed
in the beginning of the present section. Now suppose that § € (0,51). We need to show that
if Ky C Bs (y) for some s € R then there exists ¢t € R such that K; C T, and y(¢,s) < nd. Let
ko > 1 be the minimal index k such that 2§ > ¥ wy. Such kg exists as (6.10) implies wy — 0. Note
that ko > 20/(p¥n). In particular ko > 1 and so ko < ng, + 1 < (1 + 1 )ko + ko = (1 + 1)ko.

By Lemma 6.6(2) there exists ¢ € R such that y(s,?) <76 and K; C M;(2) for every j >
ng, + 1, so that K; € Ji (&) for all k > kg. Note that y(¢,s) < né < é implies K; C Bas(y) C
Ewwk (y) for every k < ko. By Lemma 6.6(1) we conclude K; € M, (A, wi) for every k < ko.

Hence K, C T, asrequired. O
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